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A B S T R A C T  

For any n x n  ( 0 , l )  m a t r i x  A , a  co r re spondence  i s  

e s t a b l i s h e d  between A and a  c e r t a i n  b ig raph  G . Equiv- 

a l e n c e s  between v a r i o u s  concep t s  p e r t a i n i n g  t o  A and G , 

r e s n e c t i v e l y ,  a r e  demons t ra t ed .  I t  i s  shown t h a t  i f  A i s  

f u l l y  indecomposaSle,  t hen  G i s  2 -connec ted .  P method i s  

developed f o r  r educ ing  a  b igraph of a  n e a r l y  decomposable 

m a t r i x  t o  a  s t r i c t l v  s m a l l e r  b iq raph  G '  , which i s  a l s o  

a s s o c i a t e d  wi th  a  n e a r l y  decomposable m a t r i x  A '  . This  

r e s u l t  i s  used t o  comple te ly  c h a r a c t e r i z e  t h e  f u l l y  indecom- 

p o s a b l e  m a t r i c e s  i n  te rms of t h e i r  b i g r a p h s  and l e a d s  t o  a  

lower-bound e s t i m a t e  f o r  t h e  permanent f u n c t i o n  on t h i s  c l a s s  

of ma t r i  c e s .  F i n a l l y ,  t h e  c h a r a c t e r i z a t i o n  theorem i s  shown 

t o  be r e l e v a n t  t o  t h e  problems of ( 1 )  f i n d i n g  an upper-bound 

e s t i m a t e  f o r  t h e  permanent and ( 2 )  of de te rmin ing  t h e  s t r u c t u r e  

of t h e  c l a s s  of n e a r l y  decomposable m a t r i c e s .  Some p a r t i a l  

r e s u l t s  a long t h e s e  l i n e s  a r e  g i v e n .  





I .  INTRODUCTION 

1 .  D e f i n i t i o n s  a n d  P r e l i m i n a r i e s  

A  n o n n e a a t i v e  m a t r i x  i s  one whose e n t r i e s  a r e  non- 

n e q a t i v e  r e a l  numbers. E s s e n t i a l l y ,  t h i s  d i s s e r t a t i o n  i s  an 

i n v e s t i p a t i o n  of c o m h i n a t o r i a l  p r o n e r t i e s  enjoved b y  c e r t a i n  

c l a s s e s  of nonnega t ive  m a t r i c e s .  The e x p r e s s i o n  "combina- 

t o r i a l  p r o p e r t i e s , "  as used h e r e ,  means r o u q h l y ,  t h o s e  prop-  

e r t i e s  which p e r t a i n  t o  t h e  d i s t r i b u t i o n  of ze ros  amonq t h e  

e n t r i e s  of A . P ( 0 . 1 )  m a t r i x  i s  one whose e n t r i e s  a r e  

e i t h e r  0  o r  1 . One can r e a d i l y  s e e  t h a t  t h e  c o m b i n a t o r i a l  

p r o n e r t i e s  of an mxn nonnega t ive  m a t r i x  A a r e  comnle te lv  

r e p r e s e n t e d  b y  an mxn ( 0 , l )  m a t r i x  A '  whose ze ros  co r re spond  

t o  t h e  z e r o s  of A and whose ones occur  i n  t h e  same l o c a t i o n s  

a s  t h e  p o s i t i v e  e n t r i e s  of A  . In t h e  l i a h t  of t h i s  o b s e r -  

v a t i o n  t h e  theorems t h a t  f o l l o w  a r e  s t a t e d  in  terms of ( 0 , l )  

m a t r i c e s  when i t  i s  p a r t i c u l a r l v  conven ien t  t o  do s o ,  ble 

shou ld  keep i n  mind, however,  t h a t  manv of t h e  r e s u l t s  

ex tend  immedia te ly  t o  nonnega t ive  m a t r i c e s .  This  s e c t i o n  

c l o s e s  wi th  a  few d e f i n i t i o n s .  

A p e r m u t a t i o n  ma t r ix  i s  an n x n  ( 9 . 1 )  ma t r ix  havinq 

p r e c i s e l y  one 1  i n  each row and col~lmn.  Observe t h a t  i f  P 

i s  a  pe rmuta t ion  ma t r ix  and A  i s  an a r b i t r a r y  m a t r i x ,  

m u l t i p l i c a t i o n  of A  o n  t h e  l e f t  b v  ? r e s u l t s  i n  a  m a t r i x  

A '  , which i s  i d e n t i c a l  t o  A e x c e n t  t h a t  t h e  o r d e r i n q  of 



t h e  rows of A '  i s  a  pe rmuta t ion  of t 9 e  ron o r d e r i n o  of A . 

M u l t i p l i c a t i o n  on t h e  r i q h t  b v  P produces a  s i m i l a r  r e s u l t  

w i t h  r e s p e c t  t o  t h e  columns of A . 

We sa,y t h a t  an nxm m a t r i x  A i s  p - e q u i v a l e n t  t o  an 

nxm m a t r i x  B i f  t h e r e  i s  an n x n  pe rmuta t ion  m a t r i x  P a n d  

an mxm pe rmuta t ion  m a t r i x  O such t h a t  A = P B Q  . In t h e  

c a s e  where n = m and O = D-' = p T  , we say t h a t  A i s  

p - s i m i l a r  t o  B . 

D e f i n i t i o n  1 . 1 :  A n  n x n  m a t r i x  A .is s a i d  t o  be 

p a r t l y  decomposable  i f  i t  i s  p - e q u i v a l e n t  t o  a  m a t r i x  of 

t h e  form 

where 
5 2  

i s  an s x t  ze ro  submat r ix  wi th  s  + t = n . I f  

A i s  n o t  p a r t l y  decomposable,  A i s  s a i d  t o  be f u l l y  i n d e -  

eomposab le .  S i m i l a r l y ,  A i s  s a i d  t o  be r e d u c i b l e  o r  

i r r e d u c i b l e  when A i s  o r  i s  n o t  n - s i c i l a r  t o  a  m a t r i x  i n  

t h e  form of C . 

The symbol FI alwavs d e n o t e s  " f u l l y  i n d e c o m ~ o s a b l e "  

i n  t h e  s e q u e l .  

An n x n  nonnega t ive  m a t r i x  P i s  s a i d  t o  be doub ly  

s t o c h a s t i c  i f  each of i t s  row sums a n d  column sums e q u a l s  one .  



I f  A i s  an n x n  c o m p l e x  m a t r i x ,  we d e f i n e  t h e  permanent  

o f  A t o  b e  t h e  c o m p l e x  v a l u e d  f u n c t i o n  

C h a p t e r  11, s e c t i o n  1  p r o v i d e s  d e f i n i t i o n s  o f  t h e  

d i g r a p h  ( d i r e c t e d  g r a p h )  a n d  t h e  b i g r a p h  ( b i p a r t i t e  g r a p h )  

c o r r e s p o n d i n g  t o  a  n o n n e g a t i v e  m a t r i x .  

2 .  H i s t o r i c a l  B a c k g r o u n d  

Among t h e  m o s t  i m p o r t a n t  e a r l y  i n v e s t i g a t i o n s  i n v o l v i n g  

c o m b i n a t o r i a l  p r o p e r t i e s  o f  n o n n e g a t i v e  m a t r i c e s  was 

F r o b e n i u s '  b e a u t i f u l  w o r k  [ 6 ] ,  w h i c h  e x t e n d e d  t h e  r e s u l t s  o f  

P e r r o n  [ l 3 ]  t o  i r r e d u c i b l e  n o n n e g a t i v e  m a t r i c e s .  The  P e r r o n -  

F r o b e n i u s  t h e o r y  l i n k s  c o m b i n a t o r i a l  p r o p e r t i e s  o f  n o n n e a a t i v e  

m a t r i c e s  t o  t h e i r  s p e c t r a l  p r o p e r t i e s  i n  an  e s p e c i  a1 l y  f r u i t f u l  

way .  As a  r e s u l t ,  t h e  c o n c e p t  o f  i r r e d u c i b i l i t y  h a s  f o u n d  

a p p l i c a t i o n s  i n  s u c h  d i v e r s e  a r e a s  as t h e  t h e o r y  o f  s t o c h a s t i c  

m a t r i c e s ,  n u m e r i c a l  a n a l y s i s ,  a n d  p a r t i a l  d i f f e r e n t i a l  e q u a -  

t i o n s .  F o r  e x a m p l e s ,  s e e  [ Z ]  a n d  [ 1 9 ] .  

A p p a r e n t l y ,  t h e  m o r e  g e n e r a l  c o n c e p t  o f  an  F I  m a t r i x  d i d  

n o t  a t t r a c t  a t t e n t i o n  u n t i l  mo re  r e c e n t l y .  I n  1 9 5 9 ,  M a r c u s  

a n d  Newman [ l o ]  made t h e  s i g n i f i c a n t  d i s c o v e r y  t h a t  i f  R i s  
n 

t h e  s e t  o f  n x n  d o u b l y  s t o c h a s t i c  m a t r i c e s ,  a n d  i f  A E Q  a n d  
n 



p e r  A = min ( p e r  S )  , t h e n  A i s  F I .  ( T h i s  i s  a  p a r t i a l  
SER 

n 

r e s u l t  a l o n g  t h e  l i n e s  o f  t h e  wel l -known Van d e r  Waerden 

c o n j e c t u r e  c o n c e r n i n g  t h e  minimum o f  t h e  pe rmanen t  f u n c t i o n  

I n  1 9 6 5 ,  P e r f e c t  and Mirsky  [ I 2 1  s t u d i e d  FI m a t r i c e s  

and d i s c o v e r e d  s e v e r a l  p r o ~ e r t i e s  r e l a t i  n? them t o  doub ly  

s t o c h a s t i c  m a t r i c e s .  S i n k h o r n  and Knonp [ 1 6 ] ,  and B r u a l d i  , 

P a r t e r ,  and S c h n e i d e r  [ 2 ] ,  i n d e p e n d e n t l y  d i s c o v e r e d  a  f u n d a -  

men t a l  r e 1  a t i o n s h i o  b e t v e e n  FI and d o u b l y  s t o c h a s t i c  m a t r i c e s  

u s i n ?  t o t a l l y  d i f f e r e n t  t e c h n i q u e s .  I n  t h e i r  p a p e r .  B r u a l d i  

e t  a l .  showed how FI m a t r i c e s  a r e  r e l a t e d  t o  t h e  P e r r o n -  

F r o b e n i u s  t h e o r y .  

I n  two n a n e r s  which a n n e a r e d  i n  1 9 6 9 ,  S i n k h n r n  and 

K n o n ~  [15 ]  and S i n k h o r n  [ 1 4 ]  i n t r o d u c e d  t h e  n o t i n n  o f  a  

n e a r l y  decomposab le  m a t r i x ,  and o r e s e n t e d  a  f undamen ta l  

theorem r e o a r d i n g  t h e  s t r u c t u r e  o f  t h e s e  m a t r i c e s .  lli t h  t h i s  

r e s u l t  a  power fu l  new t o o l  became a v a i l a b l e  f o r  t h e  s t u d y  of  

FI m a t r i c e s .  For c o n v e n i e n c e ,  we p r e s e n t  t h e i r  d i s c o v e r i e s  

below.  

D e f i n i t i o n  2 . 1 :  L e t  A be an FI m a t r i x .  I f  a i i  i  s  

a  p o s i t i v e  e n t r v  o f  A , t h e n  a ,  i s  s a i d  t o  be removable  
1 j 

i f  t h e  m a t r i x  A '  , d e r i v e d  from A b v  r e n l a c i n o  a i j  w i t h  

a  z e r o ,  i s  F I .  I f  an FI m a t r i x  P, has  no removable  e n t r i e s ,  

t h e n  A i s  s a i d  t o  be n e a r l y  decomposab le .  



I n  t h e  s e q u e l ,  t h e  a b b r e v i a t i o n  ND alwa,ys d e n o t e s  

" n e a r l y  d e c o m p o s a b l e " .  

Theorem 2.1  - ( S i n k h o r n  and K n o ~ p ) :  L e t  A he a  non- 

n e g a t i v e  n x n  N D  ( 0 , l )  m a t r i x  w i t h  n > 1  Then p e r m u t a t i o n  

m a t r i c e s  P and Q and an i n t e g e r  s  > 1  e x i s t  s u c h  t h a t  

P A Q  c o r r e s p o n d s  t o  t h e  m a t r i x  i n  f i o u r e  2 . 1 ,  where  e a c h  E i  

h a s  e x a c t l v  one e n t r y  e q u a l  t o  1  , and each  A .  i s  N D .  
1 

With t h e  a i d  o f  t h i s  t h e o r e m ,  S i n k h o r n  and Knonn [ I 5 1  

showed t h a t  i f  A i s  an FI  m a t r i x  and i f  a l l  of t h e  n o n z e r o  

summands o f  t h e  f u n c t i o n  a e r  A a r e  i d e n t i c a l ,  t h e r e  i s  a  u n i q u e  

p o s i t i v e  m a t r i x  B o f  r a n k  one s u c h  t h a t  b i j  = 
ai 

when- 

e v e r  a i j  
> 0  . S u b s e q u e n t l y ,  S i n k h o r n  used  Theorem 2 . 1  t o  

s e t t l e ,  i n  t h e  a f f i r m a t i v e ,  a  c o n j e c t u r e  of  M a r s h a l l  Ha l l  con-  

c e r n i n a  t h e  b e h a v i o r  o f  t h e  f u n c t i o n  Der A on t h e  s e t  o f  n x n  

( 0 , l )  m a t r i c e s  hav ing  p r e c i s e l y  t h r e e  ones  i n  each  column and 

each  row.  In 1 9 6 9 ,  Minc [ I 1 1  u sed  Theorem 2 . 1  t o  o b t a i n  a  

v e r y  good lower -bound  e s t i m a t e  f o r  t h e  pe rmanent  o f  F I  ( 0 , l )  

m a t r i c e s .  

F i g u r e  2 . 1  
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A f t e r  N D  m a t r i c e s  were  i n t r o d u c e d  and t h e i r  i m p o r t a n c e  

was d e m o n s t r a t e d ,  i t  was n a t u r a l  t o  i n v e s t i g a t e  t h e  p r o n e r t i e s  

o f  n e a r l y  r e d u c i b l e  m a t r i c e s .  ( I f  we r e p l a c e  t h e  symbol " F I "  

b \ l  t h e  word " i r r e d u c i b l e "  i n  D e f i n i t i o n  2 . 1 ,  we have t h e  

d e f i n i t i o n  o f  a  n e a r l y  r e d u c i b l e  m a t r i x . )  S i n k h o r n  and 

H e d r i c k  [ I 7 1  e s t a b l i s h e d  many o f  t h e  i m p o r t a n t  p r o n e r t i e s  o f  

t h e s e  m a t r i c e s .  

In 1 9 6 9 ,  H a r t f i e l  [ 9 ]  s t u d i e d  n e a r l y  r e d u c i b l e  m a t r i c e s  

by examin ing  a s s o c i a t e d  d i r e c t e d  a r a p h s .  T h i s  l e d  t o  t h e  

f o l l  owing c a n o n i c a l  form f o r  a  n e a r l y  r e d u c i b l e  m a t r i x .  

Theorem 2 .2  ( H a r t f i e l ) :  I f  A i s  an n x n  n e a r l v  

r e d u c i b l e  ( 0 , l )  m a t r i x  w i t h  n > 1  , t h e n  A i s  D - s i m i l a r  

t o  t h e  m a t r i x  o f  f i g u r e  2 . 1 ,  where  s  > 1  , A i s  t h e  1x1 i 

z e r o  m a t r i x  f o r  i  = 1 , 2 , * * * , s - 1  , A i s  an n s x n s  n e a r l y  
S 

r e d u c i b l e  s u b m a t r i x ,  E l  i s  t h e  1x1 m a t r i x  1 f o r  

i  = 2 , 3 , * * * . s - 1  , and E l  and E a r e  1xn and n xl  s u h -  
s S s 

m a t r i c e s ,  r e s p e c t i v e l y ,  each  hav inq  p r e c i s e l y  one  nonze ro  

e n t r y .  

Using a  t heo rem d i s c o v e r e d  i n d e p e n d e n t l y  b y  H a r t f i e l  

and Hed r i ck  which r e l a t e s  N D  m a t r i c e s  t o  n e a r l y  r e d u c i b l e  

m a t r i c e s ,  H a r t f i e l  d e r i v e d  t h e  f o l l o w i n a  r e m a r k a b l e  r e s u l t .  



Theorem 2 , 3  ( g a r t f i e l ) :  I f  A i s  an n x n  N D  ( 0 , l )  -- - 

m a t r i x  w i t h  n > 1 , t h e n  P i s  D - e q u i v a l e n t  t o  t h e  m a t r i x  

o f  T i g ~ i - e  2 , 1 ,  where  s > 1 , A and E a r e  t h e  1x1 m a t r i x  
i j 

1 f o r  i = I , * - e  , s - 1  and j = 2,*.* , s - 1  A i s  an n s x n s  
S 

N D  m a t r i x ,  and E l  and E a r e  l x n s  and n xl s u b m a t r i c e s ,  
S S 

r e s p e c t i v e 1  y ,  e a c h  h a v i n a  p r e c i s e l v  one nonze ro  e n t r y .  

Theorem 2 . 3  i s  a  c o n s i d e r a b l e  s h a r p e n i n n  of Thenrem 2 . 1 ,  

and we would 1  i ke t o  acknowledge  t h e  h e l p f u l  r o l e  i t  p l a v e d  

d u r i  n p  t h e  i n v e s t i a a t i o n s  r e p o r t e d  i n  t h i s  d i s s e r t a t i o n .  

In  Mav 1 9 6 9 ,  t h i s  a u t h o r  i n d e n e n d e n t l v  d i s c o v e r e d  t h e  

same l o w e r  bound a s  Minc ,  u s i n a  Theorem 2 . 3 .  Dr s .  S i n k h o r n  

and H a r t f i e l ,  and Mr. C r o s b y ,  o f  t h e  U n i v e r s i t y  of  Hous ton ,  

have a l s o  o b t a i n e d  t h i s  r e s u l t  i n d e n e n d e n t l v .  A new   roof 

of M i n c ' s  lower -bound  e s t i m a t e  a n p e a r s  i n  C h a p t e r  111 of  t h i s  

p a p e r ,  u s i  n q  r e s u l t s  deve loped  h e r e i n .  

3 .  D i s c u s s i o n  o f  P r o c e d u r e s  and Goa ls  

The r e m a r k a b l e  r e s u l t s  o b t a i n e d  b v  H a r t f i e l  d e m o n s t r a t e d  

t h e  u s e f u l n e s s  o f  s t u d y i n ?  d i g r a p h s  t o  o b t a i n  i n f o r m a t i o n  

c o n c e r n i n a  i r r e d u c i b l e  m a t r i c e s .  The power o f  t h i s  t e c h n i q u e  

s t ems  f rom two s o u r c e s .  



F i r s t ,  t h e  d i q r a n h  of  an n x n  ( 0 , ' T )  m a t r i x  A r e n r e s e n t s  

t h e  e n t i r e  p - s i m i l a r i t y  c l a s s  o f  A ( s e e  c h .  T I ,  s e c .  3 ,  

P .  2 3 ) .  C e r t a i n  svmmet r i e s  o f  t h e  s i m i l a r i t v  c l a s s  a r e  

a ~ p a r e n t  f rom o b s e r v i n q  t h e  g r a p h ,  b u t  c a n n o t  r e a d i l y  be 

r e c o q n i z e d  b y  i n s p e c t i n u  a  p a r t i c u l a r  m a t r i x  r e n r e s e n t a t i v e  

o f  t h a t  c l a s s .  

Second ,  t h e  c l a s s i c  theorem (Theorem I I . 3 . 1 ) ,  which 

c h a r a c t e r i z e s  i r r e d u c i b i l i t y  of  a  m a t r i x  i n  t e rms  of t h e  

s t r o n a  c o n n e c t i v i t y  o f  i t s  d i a r a p h ,  i s  ver!/ u s e f u l  i n  s t ud .y inq  

t h e  c o m b i n a t o r i a l  p r o p e r t i e s  o f  n e a r l y  r e d u c i b l e  m a t r i c e s .  

In view of t h e  p r e c e d i n g  o b s e r v a t i o n s ,  t h i s  a u t h o r  

b e l i e v e s  t h a t  t h e  b i q r a p h  i s  a  n a t u r a l  o b j e c t  t o  s t u d v  i n  

o r d e r  t o  o b t a i  n i  n fo r rna t i on  a b o u t  t h e  c o m b i n a t o r i a l  n r o n e r t i  e s  

o f  an FI m a t r i x .  B i g r a p h s  a r e  chosen  i n  t h i s  s e t t i n a  b e c a u s e  

t h e  b i g r a p h  of  a  ( 0 , l )  m a t r i x  F r e p r e s e n t s  t h e  e n t i r e  

p - e q u i v a l e n c e  c l a s s  o f  A ( c h .  1 1 ,  s e c .  3 ,  n .  2 2 ) .  

As f a r  a s  t h i s  a u t h o r  knew, no u s e f u l  theorem e x i s t e d  

which c h a r a c t e r i z e d  FI m a t r i c e s  i n  t e rms  of t h e i r  b i q r a n h s  

i n  a  s e n s e  a n a l a q o u s  t o  Theorem 1 1 . 3 . 1 .  With Theorem 1 1 . 4 . 1 4  

t h i s  c h a r a c t e r i z a t i o n  i s  accomol i s h e d .  F u r t h e r ,  t o  d e m o n s t r a t e  

t h e  e f f e c t i v e n e s s  of  o u r  me thod ,  i t  was f e l t  t h a t  we s h o u l d  

be a b l e  t o  o b t a i n  a  r e s u l t  s i m i l a r  i n  u s e f u l n e s s  t o  H a r t f i e l ' s  

Theoren  f o r  FID m a t r i c e s ,  u s i n g  s o l e l v  t h e  i n t r i n s i c  p r o p e r t i e s  

o f  FI m a t r i c e s  and t h e i r  a s s o c i a t e e  b i g r a p h s .  We a c h i e v ~ d  



t h i s  r e s u l t  i n  Theorem 1 1 . 4 . 1 5 ,  The r e m a i n i n g  g o a l s  we 

s o u g h t  t o  accomp'l i s h  were  a  c h a r a c t e r i z a t i o n  of N i l  m a t r i c e s  

o r  t h e i r  b i q r a p h s  i n  t e rms  o f  some e a s i l v  o b s e r v a h ' e  param- 

e t e r s ,  and t h e  d i s c o v e r y  o f  some aood u ? p e r -  and l ower -bound  

e s t i m a t e s  f o r  t h e  i7ermanent of  an n x n  ( 0 , l )  FI m a t r i x  ( i n  

n a r t i c u l a r ,  N D  m a t r i x ) .  

The e x t e n t  o f  s u c c e s s  o f  t h i s  l a t t e r  p o r t i o n  o f  o u r  

proqram i s  r e v e a l e d  i n  C h a p t e r  1 1 1 ,  and i s  d i s c u s s e d  i n  t h e  

summarv. 

We c l o s e  t h i s  c h a n t e r  w i th  a s h o r t  s e c t i o n  d e s c r i k i n a  

some n o t a t i o n  and c o n v e n t i o n s  f o r  i n t e r n a l  r e f e r e n c i  n n .  

N o t a t i o n  and Conven t i ons  

The f o l l o w i n g  c o n v e n t i o n s  have been a d o p t e d  i n  t h i s  

d i s s e r t a t i o n  f o r  r e f e r e n c i n q  t h e o r e m s ,  c o r o l l  a r i e s ,  lemmas, 

and d e f i n i t i o n s .  I f  t h e  t heo rem r e f e r e n c e d  i s  s t a t e d  i n  t h e  

same c h a n t e r  a s  t h e  r e f e r e n c e ,  t h e  r e f e r e n c e  i s  i n  t h e   for^ 

"Theo ren  i  . j " .  T h i s  r e f e r s  t o  t h e  thenrem numbered i  .<i which 

a P n e a r s  i n  s e c t i o n  i ,  where  i  and , a r e  P r a h i c  n u m e r a l s .  

I f  t h e  theorem r e f e r e n c e d  i s  s t a t e d  i n  a  d i f f e r e n t  

c h a n t e r  t h a n  t h e  r e f e r e n c e ,  t h e  r e f e r e n c e  r e a d s  "Theorem 

c . i . j M ,  where  c  i s  t h e  Roman numeral  c o r r e s n o n d i n a  t o  t h e  

c h a p t e r  i n  which t h e  theorem a p n e a r s ,  and i  and i a r e  a s  

i n  t h e  p r e v i o u s  c a s e .  



The s e t  t h e o r e t i c  n o t a t i o n  u sed  c o r r e s p o n d s  t o  t h e  

n o t a t i o n  i n  [ 7 ]  w i t h  t h e  e x c e p t i o n  t h a t  i f  S i s  a f i n i t e  

s e t ,  I S 1  d e n o t e s  t h e  number o f  e l e m e n t s  i n  S  . 

The f o l l o w i n g  s p e c i a l  n o t a t i o n  i s  f r e q u e n t l y  u s e d .  

Suppose  a i j  i s  an e n t r y  of an mxn m a t r i x  A . Then t h e  

m a t r i x  E c o r r e s p o n d i n g  t o  t h e  number a i i  
i j 

i s  t h e  m x n  

m a t r i x  h a v i n g  t h e  e n t r y  1  i n  t h e  i  , , j t h  p o s i t i o n  and 0 

e l s e w h e r e .  When t h e  n o t a t i o n  E 
i j  

i s  used w i t h  an e n t r y  

a i  
of  an m x n  ( 0 , l )  m a t r i x  A i n  t h e  s e q u e l ,  i t  i s  u n d e r -  

s t o o d  w i t h o u t  c o n f u s i o n  t h a t  E i j  i s  t h e  m x n  ( 0 , l )  m a t r i x  

c o r r e s p o n d i n g  t o  a  
ii ' 



I T .  T H E  S T R U C T U R E  O F  BIGWAPHS CORRESPONDING 

T O  F U L L Y  I N D E C O M P O S A B L E  M A T R I C E S  

1 .  D e f i n i t i o n s  and P re l  iminary  M a t e r i a l  from Graph 

Theory 

S i n c e  comprehensive t r e a t i s e s  o n  graph t h e o r y  have 

become a v a i l a b l e  only  r e c e n t l y ,  and s i n c e  t h e  n o t a t i o n  and 

d e f i n i t i o n s  vary wide ly  among d i f f e r e n t  a u t h o r s ,  a  comple te  

l i s t  i s  i nc luded  of t h e  g r a p h - t h e o r e t i c  d e f i n i t i o n s  i n  t h i s  

d i s s e r t a t i o n .  

D e f i n i t i o n  1 . 1 :  A graph G c o n s i s t s  of a  nonempty s e t  

V ( G )  whose e lements  a r e  c a l l e d  v e r t i c e s  of G , t o g e t h e r  w i t h  

a  s e t  E(G) c o n s i s t i n g  of unordered  p a i r s  of v e r t i c e s ,  w i t h  t h e  

c o n d i t i o n  t h a t  i f  v i s  i n  V(G), then { v , v )  i s  n o t  in  E(G) .  

The e l emen t s  of E ( G )  a r e  c a l l e d  t h e  edges  of G . I t  i s  

customary t o  v i s u a l i z e  o r  t o  i l l u s t r a t e  a  graph by r e p r e s e n t i n g  

i t s  v e r t i c e s  as p o i n t s  and i t s  edges by l i n e s  connec t ing  t h e  

v e r t i c e s  ( s e e  f i g .  1 . I ) .  F o r  n o t a t i o n a l  economv, we w i l l  

w r i t e  u v  t o  deno te  an edqe { u , v ) .  The symbol G w i l l  always 

r e p r e s e n t  a  nranli .  

The d e f i n i t i o n  of a  qraph which we have adopted i s  a  

r e s t r i c t e d  one i n  a  s e n s e .  Some a u t h o r s  d e f i n e  E ( S )  d i f f e r -  

e n t l v ,  t o  admit  edaes whose end p o i n t s  c o i n c i d e  ( l o o p s ) ,  and 

t o  a l l o w  a  p a i r  of v e r t i c e s  t o  be connected  by  more t h a n  one 

edqe ( m u l t i p l e  e d g e s ) .  



F i g u r e  1 . 1  

I f  u v  i s  a n  e d g e  o f  G , t h e n  u  a n d  v  a r e  s a i d  t o  

b e  i t s  end p o i n t s .  I n  t h i s  c a s e ,  t h e  v e r t i c e s  u  a n d  v  

a r e  s a i d  t o  b e  a d j a c e n t .  The  e d g e  u v  a n d  t h e  v e r t e x  u  ( o r  

t h e  v e r t e x  v ) a r e  i ~ l c i d e n t .  We s a y  t h a t  t w o  e d g e s  e  a n d  

f o f  G a r e  a d j a c e n t  if t h e y  a r e  b o t h  i n c i d e n t  t o  a  

v e r t e x  v  . 

T h e  v a l e n c e  o f  a  v e r t e x  v  i n  G , d e n o t e d  v a l ( v ) ,  

i s  a  n o n n e g a t i v e  i n t e q e r  r e p r e s e n t i n g  t h e  n u m b e r  o f  e d g e s  o f  

G w h i c h  a r e  i n c i d e n t  t o  v  . V e r t i c e s  w i t h  o n e ,  t w o ,  o r  

t h r e e  i n c i d e n t  e d g e s  a r e  c a l l  e d  m o n o v a l e n t ,  d i v a l e n t ,  and  

t r i v a l e n t ,  r e s p e c t i v e l y .  A v e r t e x  w h i c h  i s  n o t  d i v a l e n t  i s  

c a l l e d  a node .  



T h e  n o t i o n  o f  a  s u b q r a p h  o f  G i s  now i n t r o d u c e d ,  

a n d  some i m p o r t a n t  s p e c s a l  s u b g r a p h s  a n d  g r a p h s  r e l a t e d  t o  

G a r e  d e f i n e d .  

A subgraph  o f  G i s  a g r a p h  H s u c h  t h a t  V ( H )  c V ( G )  

a n d  E ( H )  c E ( G )  . If V ( H )  # V(G)  o r  E ( H )  f E ( G )  , H 

i s  s a i d  t o  b e  a proper  s u b g r a p h  o f  G . 

I f  R c E(G)  , t h e  subgraph  i n d u c e d  by R i s  t h e  

g r a p h  [R] whose  e d g e  s e t  i s  R  , a n d  whose  v e r t e x  s e t  c o n -  

s i s t s  o f  e v e r y  member o f  V (G)  w h i c h  i s  a n  e n d  p o i n t  o f  a n  

e d g e  i n  R . S i m i l a r l y ,  i f  S c V ( G )  t h e  subgraph  i n d u c e d  

by  S i s  t h e  g r a p h  [ S ]  w h o s e  v e r t e x  s e t  i s  S , a n d  whose  

e d g e s  a r e  a l l  members  o f  E ( G )  w i t h  b o t h  e n d  p o i n t s  i n  S . 

H i s  a s p a n n i n g  s u b q r a p h  o f  G i f  \ l ( H )  = V ( G )  . 

I f  S  c V(G)  , t h e n  G '  = G - S i s  t h e  s u b g r a p h  o f  

G i n d u c e d  b y  t h e  v e r t i c e s  V ( G ) - S .  I f  S c o n s i s t s  o f  a 

s i n g l e  v e r t e x  v  , we s i m p l y  w r i t e  G '  = G - v  . 

I f  R c E(G)  , t h e n  G '  = G - R i s  t h e  s u b g r a p h  o f  

G w h o s e  v e r t e x  s e t  i s  V(G) a n d  w h o s e  e d g e  s e t  i s  E ( G ) - R .  

I f  R c o n s i s t s  o f  a  s i n g l e  e d g e  e , we w r i t e  G '  = G - e  . 

If G a n d  D a r e  g r a p h s ,  t h e n  t h e  g r a p h  G = G U D 

i s  t h e  g r a p h  w i t h  e d g e  s e t  E (G)  U E ( D )  a n d  v e r t e x  s e t  

V(G)  U V ( D )  



The i m p o r t a n t  c o n c e p t  o f  a  p a t h  i n  G i s  now 

i n t r o d u c e d .  

Suppose  v i  ( i  = 0 , l  , e e o , n )  a r e  i n  V ( G )  and 

e  ( j  = l , * e o , n )  a r e  i n  E ( G ) .  L e t  P ( n )  = v o , e , , v l , e ~ o , ~  . v  
j n n 

be a  s e q u e n c e  whose t e r m s  a r e  a l t e r n a t e l y  v e r t i c e s  and e d g e s  

of G , and where  e i  i s  i n c i d e n t  t o  bo th  v i - l  and v 
i 

f o r  i  = l , - * . , n  . P ( n )  i s  c a l l e d  a path i n  G w i t h  end 

p o i n t s  v o  and v n  . The v e r t i c e s  v , , ~ * *  
"n-1 

a r c  c a l l e d  

t h e  i n t e r i o r  v e r t i c e s  o f  P ( n ) .  S i n c e  t h e  g r aph  G does  n o t  

have mu1 t i p l e  e d g e s ,  P ( n )  i s  comp le t e1  y d e t e r m i n e d  by i t s  

s u b s e q u e n c e  o f  v e r t i c e s ,  and we wi 11 d e n o t e  P ( n )  Q V ~ V , ~ ~ -  v .  
n 

The p o s i t i v e  i n t e g e r  n , c o r r e s ~ o n d i n g  t o  t h e  number o f  

e d g e s  c o n t a i n e d  i n  P ( n )  i s  c a l l  ed t h e  l e n g t h  of t h e  p a t h  P ( n )  . 
A p a t h  v o e * * v  i s  s a i d  t o  be a simple p a t h  i f  i  # j i m p l i e s  n  

t h a t  v i  # v j  f o r  0 I i, j j n . A p a t h  i s  c l o s e d  i f  

- 
v o  - v n  . A c y c l e  i s  a  c l o s e d  p a t h  which i s  s i m o l e  e x c e p t  

t h a t  v o  = v n  . 

T h e r e  a r e  s e v e r a l  i r noo r t an t  c o n c e p t s  which a r e  d e f i n e d  

i n  t e r m s  o f  a  p a t h :  A g r aph  G i s  s a i d  t o  be c o n n e c t e d  i f  

e v e r y  p a i r  o f  v e r t i c e s  u and v i n  G a r e  t h e  end p o i n t s  

o f  some p a t h  i n  G . In  a  c o n n e c t e d  g r aph  G , t h e  d i s t a n c e  

between any two v e r t i c e s  v and w of  G [which we d e n o t e  

by d ( u , v ) ]  i s  d e f i n e d  t o  be t h e  l e n g t h  o f  t h e  s h o r t e s t  p a t h  

i n  G h a v i n g  u and v a s  end p o i n t s .  I f  H i s  a  s u b g r a p h  

of  G and u and v a r e  i n  V ( H ) ,  t h e  d i s t a n c e  i n  H 
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b e t w e e n  u a n d  v [ d e n o t e d  d R ( u , v ) ]  i s  t h e  l e n o t h  o f  t h e  

s h o r t e s t  p a t h  in H w i t h  u  a n d  v a s  e n d  p o i n t s .  N o t e  

t h a t  i d 7 - ( u , v )  may n o t  b e  t h e  same a s  d G ( u , v )  when u a n d  v  

a r e  i n  V ( H ) .  I n  g e n e r a l ,  d G ( u  , v )  5 d H ( u . v )  A g a i n ,  s u o o o s e  

H i s  a  s u b q r a p h  o f  G . A p a t h  P o f  G i s  s a i d  t o  a v o i d  

H i f  n o n e  o f  t h e  v e r t i c e s  o f  P i s  i n  V ( H ) .  I t  f o l l o w s  t h a t  

i f  P a v o i d s  H n o n e  o f  t h e  e d g e s  o f  P i s  i n  ( H .  I f  

H i s  a  s u b g r a p h  o f  G , H i s  a  maximal c o n n e c t e d  subgraph  

i f  H i s  c o n n e c t e d  a n d  i s  n o t  p r o p e r l y  c o n t a i n e d  i n  a n y  o t h e r  

c o n n e c t e d  s u b g r a p h  o f  G . 

I f  G i s  a g r a p h ,  a  m a x i m a l  c o n n e c t e d  s u b g r a p h  i s  

c a l l e d  a component o f  G . The  c o m p o n e n t s  c l e a r l y  f o r m  a  

u n i q u e  ( d i s j o i n t )  p a r t i t i o n  o f  G . 

The  f o l l o w i n g  c o n c e p t s  a r e  o f  s p e c i a l  i m p o r t a n c e  i n  

t h i s  p a p e r ,  a n d  w i l l  b e  u s e d  f r e q u e n t l y  i n  t h e  s e q u e l .  

A v e r t e x  v o f  a  c o n n e c t e d  g r a p h  G i s  s a i d  t o  b e  a n  

a r t i c u l a t i o n  p o i n t  i f  t h e  g r a p h  G-v h a s  t w o  o r  m o r e  c o m p o n e n t s ;  

v  i s  s a i d  t o  s e p a r a t e  G . 

D e f i n i t i o n  9 . 2 :  A c o n n e c t e d  g r a p h  G i s  s a i d  t o  b e  

2 - c o n n e c t e d  if i t  does  n o t  c o n t a i n  a n  a r t i c u l a t i o n  p o n i t .  

A g r a p h  G i s  s a i d  t o  b e  r e g u l a r  i f  e v e r y  v e r t e x  o f  G 

h a s  t h e  same v a l e n c e ,  I n  t h i s  c a s e ,  t h e  v a l e n c e  o f  G i s  

d e f i n e d  t o  b e  t h e  v a l e n c e  o f  a n y  v e r t e x  a n d  i s  d e n o t e d  by 

v a Z f G ) .  



D e f i n i t i o n  1 . 3 :  A k - f a c t o r  of G i s  a  r e g u l a r ,  

spanning  subgraph F w i th  v a l ( F )  = k . 

Of p a r t i c u l a r  i n t e r e s t  i n  t h i s  d i s s e r t a t i o n  a r e  t h e  

1 - f a c t o r s  of a graph G . Theorem 1 . 1  i s  a  c h a r a c t e r i z a t i o n  

of 1 - f a c t o r s  which w i l l  be u s e f u l  i n  t h e  s e q u e l ,  and i s  an 

immediate consequence of t h e  f o l l o w i n q  d e f i n i t i o n s :  A s u b s e t  

R of E(G) i s  c a l l e d  i n d e p e n d e n t  i f  eve ry  v e r t e x  of G i s  

i n c i d e n t  t o  a t  most one edge i n  R . A s u b s e t  R of E ( G )  i s  

s a i d  t o  c o v e r  a  s u b s e t  S  of V ( G )  i f  eve ry  v e r t e x  of S i s  

i n c i d e n t  t o  a t  l e a s t  one edge i n  R . 

Theorem 1 . l :  The subgraph F i s  a  1 - f a c t o r  of G i f  

and on ly  i f  E(F) i s  an independen t  s e t  of edges which cover s  

V(G) 

I n  t h e  l i t e r a t u r e  of graph t h e o r ~ y ,  1 - f a c t o r s  a r e  some- 

t imes  r e f e r r e d  t o  as  " p e r f e c t  ma tch ings" .  

I f  F' i s  a  s e t  of independent  edges of G , and i f  

t h e r e  i s  a  s e t  of edges S  c E ( G )  - F '  such t h a t  

F = [ F ' ]  U [ S ]  i s  a  1 - f a c t o r  of G , cve c a l l  F an 

e x t e n s i o n  o f  F '  t o  a  I - f a c t o r  o f  G . 

A d i g r a p h ,  o r  d i r e c t e d  graph ,  i s  a graph as d e f i n e d  i n  

D e f i n i t i o n  1 . 1 ,  excep t  t h a t  an edge i s  an o rde red   air of 

v e r t i c e s  ( u , v ) ,  and i t  i s  a d m i s s i b l e  t o  have an edqe ( v , v ) .  



Like  q p a p h s ,  d i g r a p h s  a r e  o f t e n  d i s p l a y e d  g e o m e t r i c a l l y  a s  a 

network o f  p o i n t s  j o i n e d  b\l S i n e s ,  In t h i s  c a s e ,  h o w e v e r ,  

each  l i n e  i s  c r i v e n  a n  a r r o w  to i n d i c a t e  t h e  o r i e n t a t i o n  o f  

t h e  edge  i t  r e p r e s e n t s  ( f i g .  I * 2 ) *  

F i g u r e  1 . 2  

Note t h a t  i n  a  d i g r a p h ,  an e d g e  u v  i s  d i s t i n c t  f rom 

t h e  edge  v u .  

We now d e f i n e  s e v e r a l  s p e c i a l  g r a p h s  f o r  which i t  i s  

c o n v e n i e n t  t o  have a  s t a n d a r d  n o t a t i o n  and t e r m i n o l o g y .  

An e d g e  g r a p h  i s  a  g r aph  c o n s i s t i n a  of a  s i n q l e  edoe  

t o g e t h e r  w i t h  i t s  end p o i n t s .  A v e r t e x  g r a p h  i s  a  g r a n h  

c o n s i s t i n q  o f  a  s i n a l e  v e r t e x  w i t h  no e d g e s .  The c o m p l e t e  

n - g r a p h  K i s  t h e  n ranh  w i t h  n v e r t i c e s  and an edge  
n 

, j o in inq  e v e r y  p a i r  o f  v e r t i c e s .  



We now d e f i n e  a  b i g r a p h ,  an o b j e c t  of c e n t r a l  i n t e r e s t  

i n  t h i s  d i s s e r t a t i o n .  

D e f i n i t i o n  1 . 4 :  A b i g r a p h ,  o r  b i p a r t i t e  g r a p h ,  i s  a 

graph G whose v e r t e x  s e t  can be w r i t t e n  a s  t h e  d i s k j o i n t  

p a r t i t i o n  V ( G )  = S U T , such t h a t  each edqe c f  G has one 

end p o i n t  i n  S and t h e  o t h e r  i n  T . 

G i s  c a l l e d  a n  (m,n) b i g r a p h  i f  I S 1  = m and I T /  = n . 
Bigraphs a r e  sornetirnes c a l l e d  b i c o l o r a b l e  q r a n h s ,  and i t  i s  

o f t e n  i l l u m i n a t i n g  and economical t o  r e f e r  t o  t h e  v e r t i c e s  i n  

S as  " g r e e n "  and t h e  v e r t i c e s  i n  T as " b l u e " .  l i p  w i l l  n o t  

h e s i t a t e  t o  use t h i s  convent ion  whenever i t  w i l l  c l a r i f y  o r  

s h o r t e n  o u r  e x p o s i t i o n .  

Observe t h a t  t h e  edge s e t  of t h e  b i g r a ~ h  G can be 

cons ide red  as  a  s u b s e t  of S x T .  This p r a c t i c e  i s  a l s o  f r e -  

q u e n t l y  u s e f u l  i n  d i s c u s s i n g  b ig raphs  [ 4 ] ,  and i s  used a t  

l e a s t  once i n  what f o l l o w s .  

Not ice  t h a t  i f  v , v l e e e v  i s  a  pa th  i n  a  b ig raph  G , n 

t h e  v e r t i c e s  a r e  a l t e r n a t e l y  b l u e  and g r e e n .  

The c o m p l e t e  b i g r a p h  K i s  t h e  graph with m 
m , n  

green  v e r t i c e s  and n b l u e  v e r t i c e s  such t h a t  each green  

v e r t e x  i s  j o i n e d  by an edge t o  eve ry  b l u e  v e r t e x .  



A t r e e  i s  a c o n n e c t e d  g r a p h  c o n t a i n i n g  no c y c l e s .  More 

g e n e r a l l y ,  a forest i s  a g r aph  h a v i n g  no c y c l e s .  Hence ,  t h e  

c o n n e c t e d  components  of a f o r e s t  a r e  t r e e s .  

We end t h i s  s e c t i o n  w i t h  some wel l -known g r a p h -  

t h e o r e t i  c a l  r e s u l t s  whi ch a r e  needed 1 a t e r .  

Theorem 1 . 2  ( K 8 n i g ) :  A g r a p h  G i s  a  b i g r a p h  i f  and 

o n l y  i f  G does  n o t  c o n t a i n  a  c y c l e  o f  odd l e n g t h .  ( F o r  

a  p r o o f  s e e  [ 1 8 ] ,  p .  6 8 . )  

Theorem 1 , 3  ( W h i t n e y ) :  L e t  G be a  2 - c o n n e c t e d  

g r a p h .  Suppose  K i s  a 2 - c o n n e c t e d  p r o p e r  s u b g r a p h  o f  G 

c o n t a i n i n g  a t  l e a s t  one e d g e .  Then we can w r i t e  G a s  

H U L where  H i s  a  2 - c o n n e c t e d  p r o p e r  subg raph  of  G 

c o n t a i n i n g  K , and L i s  a s i m p l e  p a t h  i n  G t h a t  a v o i d s  

H e x c e p t  f o r  i t s  d i s t i n c t  end p o i n t s  which a r e  i n  V ( H ) .  

( F o r  a  p r o o f  s e e  [ 1 8 ] ,  p .  8 5 . )  

Theorem 1 . 4 :  Every t r e e  has  a t  l e a s t  two monova l en t  

v e r t i c e s .  ( F o r  a  p roo f  s e e  [ I $ ] ,  p .  1 9 . )  

2 .  Nonneqat i  ve Ma t r i  c e s  - D e f i n i  t i  ons and 

P r e l i m i n a r i e s  

The f o l l o w i n g  d e f i n i t i o n s  and Theorems 2 ' 1 ,  2 . 2 ,  and 

2 . 3  a r e  e s s e n t i a l l y  a s  t h e y  a p p e a r  i n  [ 1 5 ] .  



A d i a g o n a l  of an n x n  s q u a r e  m a t r i x  A i s  a  c o l l e c t i o n  

of n e n t r i e s  of A , p r e c i s e l y  one o f  which appea r s  i n  

each row and column of A . I f  G E S  ( t h e  symmetric groun of 
n 

d e a r e e  n ) , t h e  d i agona l  a  S e e  l o ( l )  ' a 2 0 ( 2 )    an^ ( n )  
i s  s a i d  

t o  co r re spond  t o  a . I t  i s  c l e a r  t h a t  t h i s  r e l a t i o n  e s t a b -  

l i s h e s  a  1 - t o - 1  co r re spondence  between t h e  p e r m u t a t i o n s  in  S n 

and t h e  d i a g o n a l s  of A . A d i a g o n a l  p r o d u c t  of A i s  t h e  

p r o d u c t  of t h e  e n t r i e s  i n  a  d i agona l  of A . We should  o b s e r v e  

h e r e  t h a t  t h e  d i agona l  p r o d u c t s  of A a r e  p r e c i s e l y  t h e  terms 

of t h e  permanent f u n c t i o n  d e f i n e d  i n  t h e  i n t r o d u c t i o n .  

A d i agona l  d o f  A i s  s a i d  t o  be p o s i t i v e  i f  eve ry  

e n t r y  of A i n  d i s  p o s i t i v e .  

A nonneqa t ive  mxn m a t r i x  A i s  c h a i n a b l e  i f  f o r  eve ry  

p a i r  of p o s i t i v e  e n t r i e s  and a i  t h e r e  i s  a  
a i l j ,  k k  

sequence  of p o s i t i v e  e n t r i e s  ai  , . . .  where ,  f o r  
1 1  3 a i k j k  

r = I , . . .  ,k-1 , e i t h e r  i  = i  or j r  - - 
r r + l  j r + l  

. This  

sequence  i s  c a l l e d  a  c h a i n  w i t h  end p o i n t s  a  i l j l  and ai  
k k  

Recal l  t h a t  an n x n  nonneqa t ive  m a t r i x  A i s  s a i d  t o  

b s  doubly s t o c h a s t i c  i f  ever>/  row sum a n d  column sum e q u a l s  1 .  

A nonnega t ive  s q u a r e  m a t r i x  A has d o u b l y  s t o c h a s t i c  

p a t t e r n  i f  t h e r e  i s  a  doubly s t o c h a s t i c  m a t r i x  B such t h a t  

a = 9  i f  a n d o n l v i f  b = O .  i j i j 



A n o n n e g a t i v e  m a t r i x  A i s  s a i d  t o  have s u p p o r t  i f  

e v e r y  p o s i t i v e  e n t r y  l i e s  on a  p o s i t i v e  d i a g o n a l .  

Theorem -- 2 . 1 :  I f  A i s  an n x n  F I  m a t r i x ,  then  any 

( n - l ) x ( n - 1 )  s u b m a t r i x  c o n t a i n s  a  p o s i t i v e  d i a g o n a l  of  ( n - 1 )  

e n t r i e s  . 

Theorem 2 . 2 :  P.n n x n  n o n n e u a t i v e  m a t r i x  A has  d o u b l y  

s t o c h a s t i c    at tern i f  and o n l y  i f  A has  s u n p o r t .  

Theorem 2 . 3 :  A n  n x n  n o n n e a a t i v e  m a t r i x  A i s  F I  i f  

and o n l y  i f  A i s  c h a i n a b l e  and has  s u p p o r t .  

The f o l l o w i n g  t heo rems  a r e  immed ia t e  c o n s e a u e n c e s  o f  

t h e  d e f i n i t i o n s .  

Theorem 2 . 4 :  A n  n x n  n o n n e q a t i v e  m a t r i x  A i s  F I  i f  

and o n l v  i f  A d o e s  n o t  c o n t a i n  an s x t  z e r o  s u b m a t r i x  w i t h  

s + t = n .  

Theorem 2 . 5 :  I f  A i s  an F I  m a t r i x ,  e v e r y  row and 

e v e r y  column c o n t a i n s  a t  l e a s t  two p o s i t i v e  e n t r i e s .  

3 .  C o r r e s ~ o n d e n c e s  Between M a t r i c e s  and Granhs  

In t h i s  s e c t i o n  t h e  fundamen ta l  relations hi^ be tween  a  

n o n n e g a t i v e  m a t r i x  and a  b i a r a n h  i s  d e f i n e d .  A f t e r  t h e  b a s i c  

d e f i n i t i o n ,  a  number o f  t heo rems  a r e  l i s t e d  which r e v e a l  a 

u s e f u l  c o r r e s p o n d e n c e  between some a n a l a q o u s  c o n c e n t s  i n  

q r a p h  t h e o r y  and m a t r i x  t h e o r v .  Manv of  t h e s e  t heo rems  

f o l l o w  d i r e c t l : !  from p r e c e d i n g  d e i i n i  t i o n s .  



D e f i n i t i o n  3 . 1 :  L e t  A be an mxn ( 0 , l )  m a t r i x .  We 

a s s o c i a t e  a b i g r a p h  G w i t h  A i n  t h e  f o l l o w i n g  manner :  

L e t  V ( G )  = S U T  where  S i s  a  s e t  o f  m v e r t i c e s  

{ v , , v ~ , ~ ~ ~ , v ~ I ,  and T i s  a  s e t  of  n v e r t i c e s  

I w ~ ~ w ~ ~ ~ ~ ~  , W  I .  We l e t  t h e  v e r t e x  v i  
n 

c o r r e s p o n d  t o  t h e  

i t h  row of  A f o r  i  = 1  , m  , and w c o r r e s p o n d  t o  t h e  
j 

j t h  column o f  A f o r  j = 1  , e e o , n  . For  each  i and j , 

where  i  = 1  , e * e , m  and j = 1  , e o e , n  , t h e r e  i s  an e d g e  

v . w  i n  E(G) i f  and o n l y  i f  t h e  e n t r y  a i j  of  A i s  p o s i t i v e .  
1 j 

G i s  c a l l e d  t h e  b i g r a p h  c o r r e s p o n d i n g  t o  A , o r  s i m p l y  t h e  

b i g r a p h  of A . We c a l l  A a  m a t r i x  r e p r e s e n t a t i v e  of G . 

The 1  a s t  t e r m i n o l o g y  becomes more mean ing fu l  when 

we o b s e r v e  t h a t  t h e  g r aph  G can  be  made t o  c o r r e s p o n d  t o  any 

( 0 , l )  m a t r i x  i n  t h e  p - e q u i v a l e n c e  c l a s s  of  A . T h i s  f o l l o w s  

from t h e  f a c t  t h a t  p e r m u t a t i o n s  of rows and columns o f  A 

c o r r e s p o n d  t o  a  r enumber ing  o f  t h e  v e r t i c e s  i n  S and T , 

r e s p e c t i v e 1 . y .  Thus ,  A i s  b u t  one r e p r e s e n t a t i v e  of t h e  

D - e q u i v a l e n c e  c l a s s  c o r r e s p o n d i n g  t o  G . These  f a c t s  and 

t h e  i n v a r i a n c e  o f  manv of t h e  c o r n b i n a t o r i a l   ropert ties o f  

m a t r i c e s  unde r  p - e q u i v a l e n c e  t r a n s f o r m a t i o n s ,  make b i y r a ~ h s  

a  power fu l  t o o l  i n  s t u d v i n q  t h e s e  p r o p e r t i e s .  These  comments 

w i l l  become c l e a r e r  a s  t h e  t h e o r y  u n f o l d s .  



D e f i n i t i o n  3 . 2 :  - Let  A be an n x n  ( 0 , l )  m a t r i x .  We 

a s s o c i a t e  a  d ig raph  G w i t h  A in  t h e  f o l l o w i n g  manner: 

Let V ( G )  = { v  ,v  a e e , v  1 . F o r  any p a i r  i  as:d j where 
1. 2 n 

1  6 i and j n t h e r e  i s  an edge v . v  i n  E ( G )  i f  and on ly  
1 j 

i f  t h e  e n t r y  a i j  of A i s  p s s i t i v e .  Me c a l l  G t h e  d i g r a p h  

Not ice  t h a t  t h e  d i g r a p h  G of an n x n  ( 0 , l )  m a t r i x  A 

r e p r e s e n t s  t h e  e n t i r e  p - s i m i l a r i t y  c l a s s  of A in  a  manner 

ana lagous  t o  t h e  r e p r e s e n t a t i o n  of a  p -equ iva lence  c l a s s  by 

a s i n g l e  b i g r a p h .  

I f  u v  i s  an edge of a d i g r a p h ,  u i s  c a l l e d  t h e  

i n i t i a l  v e r t e x  and v t h e  t e r m i n a l  v e r t e x  of u v .  By a 

d i r e c t e d  p a t h  P in  a  d ig raph  G , we mean a  sequence  

Vo9el"+ ... , e n d n 9  whose e n t r i e s  a r e  a1 t e r n a t e l y  v e r t i c e s  

and edges of G such t h a t  v , - ~  i s  t h e  i n i t i a l  v e r t e x  and 

'i 
t h e  t e rmina l  v e r t e x  of e i  f o r  i  = 1  , * a *  , n  . The 

v e r t i c e s  v o  a n d  v n  a r e  c a l l e d  t h e  i n i t i a 2  v e r t e x  and t h e  

t e r m i n a l  v e r t e x ,  r e s p e c t i v e l y ,  of t h e  d i r e c t e d  path P . 

A d ig raph  G i s  s a i d  t o  be s t r o n g l y  c o n n e c t e d  i f  f o r  

every  p a i r  u and v of v e r t i c e s  of G , t h e r e  i s  a  

d i r e c t e d  pa th  P with  i n i t i a l  v e r t e x  u and t e r m i n a l  v e r t e x  

v , and t h e r e  i s  a d i r e c t e d  path P t  wi th  i n i t i a l  v e r t e x  

v and t e r m i n a l  v e r t e x  u . 



The f o l l o w i n g  we1 1  -known r e s u l t  g i v e s  a  comple te  c h a r a c -  

t e r i  z a t i o n  of i r r e d u c i b l e  m a t r i c e s  i n  terms of t h e i r  d i g r a p h s ,  

and i s  an i n d i s p e n s a b l e  t o o l  i n  t h e  s t u d y  of i r r e d u c i b l e  and 

n e a r l y  r e d u c i b l e  m a t r i c e s .  (See  [ 9 ] ,  a n d  [ I ] ,  p .  1 2 3 . )  

Theorem 3 . 1 :  A n  n x n  ( 0 , l )  m a t r i x  A i s  i r r e d u c i b l e  i f  

and on ly  i f  i t s  d ig raph  G i s  s t r o n g l y  connec ted .  

This  r e s u l t  wi th  many of i t s  a p p l i c a t i o n s  a p p e a r s  i n  

We now n o t e  some i n t e r e s t i n g  co r re spondences  between 

analagous  c o n c e p t s  p e r t a i n i n g  t o  nonnega t ive  m a t r i c e s  and 

t h e i r  b i g r a p h s .  

From t h e  above d e f i n i t i o n s  we s e e  t h a t  rows and columns 

of A co r re spond  t o  green  and b l u e  v e r t i c e s ,  r e s D e c t i v e l y ,  

of i t s  b ig raph  G , and t h a t  t h e  p o s i t i v e  e n t r i e s  of A 

co r re spond  t o  t h e  edges of G . 

Theorem 3 . 2 :  Let  G be t h e  b i a r a n h  of an n x n  non- 

n e g a t i v e  m a t r i x  A . I f  G i s  c o n n e c t e d ,  then  A i s  c h a i n -  

a b l e .  I f  A i s  F I ,  t hen  G i s  connec ted .  

P r o o f :  Suppose 6 i s  connec ted ,  and l e t  a i  and 
1 1  

ai j  
be any two p o s i t i v e  e n t r i e s  i n  A . Then v i  w and 

k k  1 j l  

w a r e  edges of G . There  i s  a  path 
"ik jk 



w .  W , , W v i  j o i n i n g  t h e  v e r t i c e s  w and v i  0 . .  

~~~i~ j, jk-s k j 1 k 

by t h e  c o n n e c t e d n e s s  s f  G . Then a .  . a .  . , e * e  
-I..J- _1 ' z 5 1  

which c o r r e s p o n d s  t o  t h e  s e q u e n c e  o f  a d j a c e n t  edges  

w , w  v i  , 5 o a 3 ~  v i  ' v i  w i s  t h e  n e c e s s a r y  c h a i n  
'il jl j l  - k k jk 

s a t i s f y i n g  t h e  c h a i n a b i l  i t y  c o n d i t i o n  f o r  A . 

C o n v e r s e l y ,  s u p p o s e  A i s  F I .  By Theorem 2 . 5 ,  e v e r y  

row and e v e r y  column of A c o n t a i n s  a t  l e a s t  two p o s i t i v e  

e n t r i e s .  T h i s  i s  e q u i v a l e n t  t o  s a y i n g  t h a t  ever j l  v e r t e x  o f  

G h a s  a t  l e a s t  two i n c i d e n t  e d g e s .  I f  v i  and w a r e  
1 j k  

any two v e r t i c e s  i n  G t h e r e  i s  an edge  v w i n c i d e n t  
i ,  j, 

t o  v and an edge  v i  w i n c i d e n t  t o  w . T h e s e  two 
i 
1 k jk jk 

e d g e s  c o r r e s p o n d  t o  p o s i t i v e  e n t r i e s  a 
i j 

and a i  o f  
1 1  k k  

A , and t h e r e  i s  a c h a i n  a i  , . .. , a i  w i t h  end p o i n t s  
1 1  k k  

ai j and a i  C l e a r l y ,  e x t r a n e o u s  e n t r i e s  can  be  
1 1  k k  

e l i m i n a t e d  f rom t h e  c h a i n  t o  y i e l d  a c h a i n  w i t h  t h e  p r o p e r t y  

t h a t i f  i = t h e n  i r + l  i r + 2  and j r+ l  - - 
r ' r + l  j r + 2  ' 

and i f  j r  - - + t h e n  j r t l  f j r + 2  and i r + l  = i r + 2  

f o r  r = 1 , e e e  , k - 2  . B u t  such  a  c h a i n  c o r r e s p o n d s  t o  a  p a t h  

i n  G w i t h  end p o i n t s  v i  and w ; h e n c e ,  e7 i s  
1 j k  

c o n n e c t e d .  



Theorem 3 . 3 :  Let  G be t h e  b i q r a ~ h  of an n x n  n o n -  

n e g a t i v e  m a t r i x  A . Then t h e  e n t r i e s  of any p o s i t i v e  

d i agona l  of  A co r re spond  t o  t h e  edses  of a  1 - f a c t o r  of  G 

and t h e  edges of  anv 1 - f a c t o r  of G co r re spond  t o  t h e  e n t r i e s  

of a p o s i t i v e  d i agona l  of A . 

P r o o f :  Let  F be a  s e t  of edges of and d t h e  

co r re spond ing  p o s i t i v e  e n t r i e s  of A . Then [ F ]  i s  a  1 - f a c t o r  

of S i f  and on lv  i f  F i s  a  snanning  independent  s e t ,  i f  

and on ly  i f  each v e r t e x  of G appea r s  e x a c t l y  once a s  an end 

p o i n t  of some edge i n  F , i f  and onlv  i f  each row and column 

c o n t a i n s  e x a c t l y  one e n t r y  of d , if and on lv  i f  d i s  

a  ( p o s i t i v e )  d i a g o n a l .  

C o r o l l a r y  3 . 4 :  I f  A i s  an n x n  ( 0 , l )  m a t r i x  and G i t s  

b i g r a p h ,  then  t h e  number of d i s t i n c t  1 - f a c t o r s  of G = per  A . 

Theorem 3 . 5 :  I f  A i s  a  nonnega t ive  m a t r i x  and G i t s  - 

b i g r a p h ,  then  A has  doubly s t o c h a s t i c  p a t t e r n  i f  and only  i f  

eve rv  edge of G i s  c o n t a i n e d  i n  a  1 - f a c t o r  of G . 

Proof :  Applv Theorems 2 . 2  and 3 . 3 .  

Uhen e v e r y  ed9e of a  ~ r a p h  G i s  c o n t a i n e d  i n  a  1 - f a c t o r  

of G , we s a y  t h a t  G has s u p p o r t .  



S u p p o s e  G -is a n  (m,n )  b - i g r a p h  w i t h  V ( G )  = S U T . 
S u p p o s e  f u r t h e r  t h a t  U a n d  V a r e  n o n e l n p t v  s u b s e t s  o f  S 

a n d  7" r e s p e c t i v e l y .  I f ,  i n  a d d i t i o n ,  t h e  s u b g r a p h  i n d u c e d  

b v  U U V h a s  n o  e d g e s  ( e q u i v a l e n t l y  ( U x V )  f3 E ( G )  = g ) ,  we 

s a y  t h a t  U U V i s  a n  i n d e p e n d e n t  s u b s e t  o f  V ( G ) .  M o t e  t h a t  

t h i s  d e f i n i t i o n  e n s u r e s  t h a t  an  i n d e p e n d e n t  s u b s e t  o f  V ( G )  

a l w a y s  c o n t a i n s  b o t h  g r e e n  and  b l u e  v e r t i c e s .  

T h e o r e m  3 . 6 :  L e t  A b e  a n  n x n  n o n n e g a t i v e  m a t r i x  w i t h  

b i g r a p h  G . Then  A h a s  a n  s x t  z e r o  s u b m a t r i x  i f  a n d  o n l y  

i f  G h a s  a n  i n d e p e n d e n t  s e t  o f  e d g e s  U U V w i t h  I U I  = s  

a n d  I V I = t .  

P r o o f :  T h i s  f o l l o w s  f r o m  t h e  d e f i n i t i o n s .  

C o r o l l a r y  3 - 7 :  An n x n  n o n n e g a t i v e  m a t r i x  A i s  F I  i f  

a n d  o n l y  i f  i t s  b i g r a p h  G d o e s  n o t  h a v e  a n  i n d e p e n d e n t  s e t  

o f  e d g e s  U U V  w i t h  I U /  = s  a n d  I V I  = t s u c h  t h a t  

s + - t = n .  

P r o o f :  A p p l y  T h e o r e m  2 , 4 .  

4 .  M a i n  R e s u l t s  o n  B i g r a p h s  o f  F u l l y  I n d e c o m p o s a b l e  

M a t r i  c e s  

I n  t h i s  s e c t i o n  we d e v e l o p  t h e  n o s t  s i g n i f i c a n t  r e s u l t s  

i n  t h i s  d i s s e r t a t i o n .  The  m o s t  i m p o r t a n t  o f  t h e s e  a r e  

T h e o r e m s  4 . 9 ,  4 . 1 0 ,  a n d  4 . 1 4 ,  



Theorems 4 . 9  and 4 . 1 0  c o n s t i t u t e  a  new t o o l  which i s  

p a r t i c u l a r l y  a p p l  i c a b l e  t o  i n d u c t i v e - t ~ y p e  a rgumen t s  i n v o l v i n g  

N D  m a t r i c e s .  I t  i s  hoped t h a t  f u r t h e r  a p p l i c a t i o n s  of t h i s  

r e s u l t  w i l l  be  o b t a i n e d  i n  t h e  f u t u r e .  

Theorem 4 . 1 4  c h a r a c t e r i z e s  F I  m a t r i c e s  i n  t e rms  of  t h e  

s t r u c t u r e  o f  t h e i r  b i g r a p h s .  L i  ke t h e  a n a l  agous  we1 l -known 

r e s u l t  which c h a r a c t e r i z e s  i r r e d u c i b l e  m a t r i c e s  i n  t e rms  o f  

t h e  s t r o n g  c o n n e c t i v i t y  of  t h e i r  d i r e c t e d  g r a p h s  (Theorem 3 .1  ) , 

i t  i s  a  u s e f u l  t o o l  i n  d e t e r m i n i n g  when a  m a t r i x  i s  F I .  

F u r t h e r m o r e ,  i t s  power i n  r e v e a l i n g  i m p o r t a n t  p r o p e r t i e s  o f  

FI m a t r i c e s  i s  d e m o n s t r a t e d  b y  t h e  f a c t  t h a t  i t  y i e l d s  

H a r t f i e l ' s  t h e o r e m ,  and by t h e  a p p l i c a t i o o s  which f o l l o w  i n  

C h a p t e r  1 1 1 .  

We b e g i n  o u r  deve lopmen t  by d e t e r m i n i n g  t h e  s t r u c t u r e  

of 2 - c o n n e c t e d  b i g r a p h s  c o r r e s p o n d i n g  t o  s q u a r e  m a t r i c e s  v i a  

a  c l a s s i c a l  theorem of H a s s l e r  Whitney (Theorem 1 . 3 ) .  The 

s t r u c t u r e  o f  b i g r a p h s  o f  FI m a t r i c e s  (Theorem 4 . 1 4  be low)  i s  

d e v e l o p e d  i n d e p e n d e n t l y  o f  t h i s  m a t e r i a l ,  b u t  t h e  c o n s e q u e n c e s  

of W h i t n e y ' s  theorem i l l u m i n a t e d  much of t h i s  a u t h o r ' s  

r e s e a r c h ,  and we f e e l  t h a t  i t  p r o v i d e s  t h e  p r o p e r  s e t t i n g  f o r  

t h e  p r e s e n t a t i o n  of o u r  r e s u l t s .  

Theorem 4 .1  : b e t  A be an n x n  F I  m a t r i x .  Then t h e  

b i g r a p h  G of  A i s  2 - c o n n e c t e d .  



P r o o f :  S i n c e  t h e  theorem i s  obvious  f o r  n = l  , we 

can assume n 2 2 . G i s  a n  ( n , n )  b ig raph  w i t h  V ( G )  = S U T . 

By C o r o l l a r y  3 . 7 ,  i f  A i s  F I ,  then t h e r e  do no t  e x i s t  non- 

e m p t y s u b s e t s  U c S  and V c T  wi th  I U I  + I V I  = n  and 

( U X V )  n E ( G )  = g . 

Our method of proving  t h e  theorem i s  t o  assume t h a t  A 

i s  F I ,  t h a t  G i s  n o t  2-connected ,  and show t h a t  t h i s  l e a d s  

t o  a c o n t r a d i c t i o n .  

S i n c e  G i s  no t  2 -connec ted ,  t h e r e  i s  an a r t i c u l a t i o n  

p o i n t  x i n  V ( G ) ,  s o  t h a t  G-x has k connected  components 

(k > 1 ) .  b e t  P be t h e  v e r t e x  s e t  of any s i n g l e  component 

of G-x and Q t h e  union of t h e  v e r t e x  s e t s  of t h e  remaining 

components.  Thus ,  P and Q a r e  nonempty and 

I P  UQ1 = 2 n  - 1 , s i n c e  IV(G)I = 2 n  . We o b s e r v e  t h a t  

(S  n P )  u ( S  O Q )  U ( T n  P )  U ( T  nQ) i s  a  d i s j o i n t  p a r t i t i o n  

of V(G)-x. Hence 

Let U = S n P  and V = VnQ . Likewise ,  l e t  

U i = S n Q  and V ' = T n P .  W e n o w s h o w t h a t  

(UxV) f7 E ( G )  = ( U ' x V ' )  n E ( G )  = QI . F o r ,  suppose  

( U x V )  n E ( G )  f @ . Then t h e r e  would be an edge u v  of G with  



u f x ,  v f x ,  u i n  P , and v i n  Q . This  c o n t r a d i c t s  

t h e  f a c t  t h a t  P i s  t h e  v e r t e x  s e t  of a  component of G-x .  

Hence, (UxV) n E ( G )  = @ and ,  s i m i l a r l y ,  ( U ' x V ' )  E ( G )  = 0 . 

N o w ,  i f  I U I  + I V I  2 n - 1  and I u ' I  + I V ' I  5 n - 1 , 

then  I U I  + I V I  + I U ' I  + I V ' I  S 2 n  - 2 ,  which c o n t r a d i c t s  

e q u a t i o n  ( 1 ) .  t ience, e i t h e r  I u I  + I V l  2 n o r  

IU'I  + I V ' I  2 n . Suppose I U I  + I V I  2 n . Then U and V 

a r e  both nonempty. To s e e  t h i s ,  we assume U = Q) . Then 

I V I  2 n , and,  s i n c e  V C T  and I T [  = n , we have V = T . 
T h e r e f o r e ,  T C Q . B u t  s i n c e  U i s  empty,  P c T , and i t  

f o l l o w s  t h a t  P c Q  . This  i s  i m p o s s i b l e ,  s o  U # 0 . 
S i m i l a r l y ,  V jt @ . 

We have c o n s t r u c t e d  nonempty s u b s e t s  U and V of S 

and T , r e s p e c t i v e l y ,  w i th  (1lxV) n E ( G )  = 0 and 

I U I  + ( V I  2 n . I f  ( u I  + ( V (  > n , s i n c e  n 2 2 , we can 

remove a  v e r t e x  from one of t h e  two s e t s  and s t i l l  have a  

nonempty p a i r  of s e t s  s a t i s f y i n g  t h e  above p r o p e r t i e s .  By 

i n d u c t i o n ,  i t  f o l l o w s  t h a t  we can assume I u I  + I V I  = n . 
B u t  t h i s  i s  a  c o n t r a d i c t i o n ,  s i n c e  i t  i m p l i e s  t h a t  A i s  

p a r t l y  decomposable,  by C o r o l l a r y  3 . 7 .  Hence, G i s  

2 -connec ted .  



A t  t h i s  p o i n t  i t  i s  n a t u r a l  t o  ask whether  t h e  F I  

m a t r i c ~ s  a r e  c h a r a c t e r i z e d  b y  t h e  2 - c o n n e c t i v i  t y  of t h e i r  

b i g r a n h s .  The follow in^ example shows a  2-connected  ( n , n )  

b i g r a ~ l l  G wi th  i t s  r e ~ r e s e n t a t i v e  p a r t l y  decomposable 

m a t r i x  A , and p r o v i d e s  a  n e g a t i v e  answer t o  t h i s  q u e s t i o n .  

Theorem 4 .14  t e l l s  us which 2-connected  b i g r a p h s  

cor respond t o  F I  m a t r i c e s .  



Theorem 4 . 2 :  I f  G i s  a  2-connected graph which i s  

no t  a  s i n a l e  v e r t e x ,  then we can w r i t e  S as a  union of 

s u b a r a p h s :  G = P o  U P1 U * * *  U Pk ( d e n o t e  t h e  subs raph  

P o  U P I  U e - e  U P j  by B j  f o r  j = O , l , e * e , k ) ,  where P o  

i s  an edge g r a p h ,  and P i  i s  a  s imple  path which avo ids  

B 
i-1 ' e x c e p t  f o r  i t s  d i s t i n c t  end p o i n t s  which a r e  c o n t a i n e d  

i n  V ( B  ) , 
j -1 

P r o o f :  We use i n d u c t i o n  on t h e  number of edges i n  G . 
I f  G has one e d q e ,  we w r i t e  G = P o  , and t h e  theorem i s  

t r i v i a l l y  t r u e .  Suppose G has n > 1  e d g e s ,  and t h e  theorem 

ho lds  f o r  a l l  2-connected graphs  w i t h  fewer than  n e d g e s .  

P ick  an edge e  i n  G . Then [ e l  i s  a  p rope r  2-connected 

subgraph and ,  by Theorem 1 . 3  ( W h i t n e y ) ,  G = H CI L where H 

i s  a  2-connected  u r o u e r  subcranh of G which c o n t a i n s  e  , 

and L i s  a  s i m p l e  pa th  which a v o i d s  H , excep t  f o r  i t s  

d i s t i n c t  end p o i n t s  which a r e  i n  V ( H ) .  Then H i s  a p rooe r  

sub7raph of G , and hence ,  E ( H )  i s  a  p rope r  s u b s e t  of E ( G ) .  

O t h e r w i s e ,  t h e r e  would be i s o l a t e d  v e r t i c e s  i n  G , and G 

would n o t  be 2-connected .  ( I n  f a c t ,  G would n o t  even be 

c o n n e c t e d . )  T h e r e f o r e  t h e  i n d u c t i o n  h v p o t h e s i s  a r n l i e s ,  a n d  

H = P O U P  U * * *  
1 

U P k ,  . Then we can w r i t e  

G = P O U g e *  U P k ,  u L , and t h e  theorem i s  proved.  



N o t e  t h a t  t h e  r e p r e s e n t a t i o n  G = P o  U P1 u o e -  U Pk 

i s  n & t  u n i q u e .  We w i l l  c a l l  P o  V P 1  u e e e  u Pk a  path 

decompoa$tion o f  G . En C h a p t e r  111, we see  t h a t  f o r  

b i g r a p h s  c o r r e s p o n d i n g  t o  F I  m a t r i c e s ,  t h e  i n t e g e r  k . i s  

u n i q u e  and  depends  on G a l o n e ,  and  n o t  on  t h e  p a r t i c u l a r  

p a t h  desompos i  t i  on .  

N e x t  we i n v e s t i g a t e  p a t h  d e c o m p o s i t i o n s  f o r  2 - c o n n e c t e d  

b i g r a p h s  c o r r e s p o n d i n g  t o  n x n  n o n n e g a t i v e  m a t r i c e s .  

Suppose A i s  a n  n x n  n o n n e g a t i v e  m a t r i x  whose ( n , n )  

b i g r a p h  G i s  2 - c o n n e c t e d .  Then G = P o  U Plt.U - *  U Pk . 
F o r  a g i v e n  i , w h e r e  1  S i  S k  ;P i s . a  p a t h w i t h  e n d  

i 

p o i n t s ,  s a y ,  u  and  v , whose l e n g t h  L i s  e i t h e r  o d d  

o r  e v e n .  Assume L i s  o d d .  Then dB ( u , v )  m u s t  b e  odd 
i-1 

( e q u i v a l e n t l y ,  u  and  v  a r e  d i f f e r e n t l y  c o l o r e d  v e r t i c e s )  

o r  t h e  a d j u n c t i o n  o f  P w o u l d  i n t r o d u c e  a  c y c l e  o f  o d d  i 
l e n g t h  i n t o  G , c o n t r a d i c t i n g  Theorem 1 . 2 .  S i m i l a r l y ,  i f  

P i s  o f  e v e n  l e n g t h ,  t h e n  d B  
i 

( u , v )  m u s t  b e  e v e n  ( e q u i v -  
i-1 

a l e n t l y ,  u  and v  h a v e  t h e  same c o l o r ) .  

F u r t h e r m o r e ,  if P has  odd  l e n g t h ,  t h e n  t h e  number  
i 

o f  v e r t i c e s  o f  each  c o l o r  added  t o  V(B ) i n  p a s s i n g  t o  V ( B . )  i-1 1 

i s  t h e  same. I f ,  h o w e v e r ,  Pi has e v e n  l e n g t h  and  i t s  e n d  

p o i n t s  a r e ,  f o r  e x a m p l e  g r e e n ,  t h e n  t h e  a d j u n c t i o n  o f  P 
i 

adds r a d d i t i o n a l  g r e e n  v e r t i c e s  and r+l a d d i t i o n a l  b l u e  

v e r t i c e s ,  w h e r e  r 0 . S i n c e  P o  i s  a  ( 1 , l )  b i g r a p h ,  t h e  



e v e n  p a t h s  o f  a n y  p a t h  d e c o m p o s i t i o n  o f  G m u s t  b a l a n c e  

p r o p e r l y  t o  a c h i e v e  an e q u a l  number o f  g r e e n  and  b l u e  v e r t i c e s  

f o r  G . The f o l l o w i n g  i s  a  summat ion  o f  t h e  p r e c e d i n g  

o b s e r v a t i o n s .  (As a l w a y s  B i  d e n o t e s  P o  U P 1  U e e o  IJ P i  

f o r  0 2 i <= k . )  

Theorem 4 . 3 :  L e t  A b e  an n x n  n o n n e g a t i v e  m a t r i x  and 

suppose  i t s  b i g r a p h  G i s  2 - c o n n e c t e d .  Then 

( 1 )  G = P o  U P 1  U = - -  U P k  , w h e r e  P o  i s  an edge 

g r a p h ,  P 1  i s  a  s i m p l e  p a t h  o f  odd  l e n g t h  w h i c h  

a v o i d s  P o  e x c e p t  f o r  i t s  end p o i n t s ,  w h i c h  

c o i n c i d e  w i t h  t h o s e  o f  P o  . 

( 2 )  F o r  2 S i d k , P i s  a  s i m p l e  p a t h  w h i c h  
i  

a v o i d s  B i m l  e x c e p t  f o r  i t s  end p o i n t s  u  and 

v  , w h i c h  a r e  i n  V ( B  ) , w h e r e  
i-1 

( a )  P i  i s  o f  odd l e n g t h ,  and dB ( u , v )  i s  
i-1 

odd,  o r  

( b )  P i  i s  o f  e v e n  l e n g t h ,  and d  ( u , v )  i s  
Bi-l 

e v e n .  

( 3 )  The number o f  even  p a t h s  among t h e  P i  

(2 5 i d k )  i s  0 o r  an e v e n  number ,  e x a c t l y  

h a l f  o f  w h i c h  h a v e  g r e e n  end p o i n t s ,  t h e  o t h e r  

h a l f  b l u e  end p o i n t s .  



B e f o r e  p r e s e n t i n g  o u r  m a i n  r e s u l t s ,  t h e  $01 l o w i n g  

lemmas a r e  p r o v e d :  

Lemma 4 . 4 :  If A i s  an  n x n  F I  m a t r i x  w i t h  n  2 2 , 

a n d  i f  aij i s  a n y  p o s i t i v e  e n t r y  o f  A  , t h e n  t h e  n x n  

E m a t r i x  A '  = A - aij ij i s  c h a i n a b l e .  

P r o o f :  The  b i g r a p h  o f  a  m a t r i x  i s  c o n n e c t e d  i f  t h e  

m a t r i x  if F I  b y  Theo rem 3 . 2 .  L e t  G b e  t h e  b i g r a p h  c o r r e s -  

p o n d i n g  t o  A . Then  t h e r e  i s  a n  e  i n  E ( G )  c o r r e s p o n d i n g  

t o  aij a n d  G '  = G - e  i s  t h e  b i g r a p h  o f  A '  . I f  6 '  

i s  n o t  c o n n e c t e d ,  t h e  e n d  p o i n t s  o f  e  , e a c h  w i t h  a  v a l e n c e  

a t  l e a s t  e q u a l  t o  2 , a r e  a r t i c u l a t i o n  p o i n t s  i'n G , s o  

G i s  n o t  2 - c o n n e c t e d ,  T h i s  c o n t r a d i c t s  t h e  f a c t  t h a t  

A  i s  F I .  H e n c e ,  G '  i s  c o n n e c t e d  a n d ,  t h e r e f o r e ,  A '  i s  

c h a i n a b l e .  

Lemma 4 . 5 :  I f  A  i s  an  n x n  N D m a t r i x  w i t h  n 2 2  , 

a n d  aij i s  a n y  p o s i t i v e  e n t r y  o f  A  , t h e n  t h e  m a t r i x  

A ' = A - a  E 
ij i j  

c o n t a i n s  a  p o s i t i v e  d i a g o n a l .  

P r o o f :  The  lemma i s  c l e a r l y  t r u e  f o r  n  = 2 . S u p p o s e  

n  > 2 a n d  t h e  lemma h o l d s  f o r  k x k  ND m a t r i c e s  when k  < n  . 
B y  T h e o r e m  2 . 3 ,  e v e r y  ND m a t r i x  h a s  a  p o s i t i v e  d i a g o n a l  . 
U s i n g  T h e o r e m  1 . 2 . 1  we b r i n g  A i n t o  t h e  c a n o n i c a l  f o r m  

s t a t e d  t h e r e i n .  I f  aij o c c u r s  as t h e  p o s i t i v e  e l e m e n t  o f  

o n e  o f  t h e  Ei ( 1  < i < s ) ,  t h e n  A '  s t i l l  has  a  p o s i t i v e  



d i a a o n a l  p a s s i n g  through Ai ( i  5 i  S .  I f  a i j  o c c u r s  

i n  one of t h e  Ai , f o r  example A i l  and i f  A i ,  i  s  

no t  1x1 ,  we invoke  t h e  i n d u c t i o n  h y p o t h e s i s  t o  e s t a b l i s h  t h a t  

A  
i ' s t i l l  has a  p o s i t i v e  d i agona l  a f t e r  t h e  r ep lacemen t  of  

a  
i j 

by 0 . Hence, A' s t i l l  has a p o s i t i v e  d iagonal  p a s s i n g  

through t h e  Ai ( 1  5 i  6 s ) .  I f  A i ,  i s  1x1 ,  Theorem 2.1 

a l lows  us t o  conclude  t h a t  t h e r e  i s  a  p o s i t i v e  d i agona l  

p a s s i n g  through Ei, and E  , where j = i '  + 1  (mod s )  . 
j 

Lemma 4 . 6  ( H a r t f i e l ) :  I f  A  i s  an n x n  N D  ( 0 , l )  m a t r i x  

wi th  n 2 3 , t h e n  i t s  b ig raph  G canno t  c o n t a i n  a  c y c l e  

of l e n g t h  4 .  

P r o o f :  Observe t h a t  i t  s u f f i c e s  t o  show t h a t  A  does 

n o t  c o n t a i n  a  2 x 2  p o s i t i v e  s u b m a t r i x .  

We b r i n q  A  i n t o  t h e  canon ica l  form of  Theorem I . 2 . 1 ,  

and a g r e e  t o  adopt  t h e  n o t a t i o n  and t e rmino logy  of t h a t  

theorem. Some a d d i t i o n a l  n o t a t i o n  i s  r e q u i r e d .  

The s q u a r e  s u b m a t r i c e s  A k  a r e  s a i d  t o  be n k x n k  f o r  

k = I , . .  . , s  . The s i n g l e  p o s i t i v e  e n t r y  i n  t h e  submat r ix  

E k  
i s  denoted  b v  ai  f o r  k = 1  , * . *  , s  . By A k ( i , . i )  

k k  

i s  meant t h e  ( n k - l ) x ( n k - 1 )  submat r ix  formed b v  s t r i k i n n  o u t  

t h e  row a n d  column of A k  c o r r e s n o n d i n g ,  r e s n e c t i v e l y ,  t o  

t h e  i t h  row and j t h  column of A , f o r  k = , S  . 



I n  a i . c r d a r l c e  o T  k i i  t t r q e  d e f i n i t i o n s ,  i and jk , k 

r e s p e c t i v e l y ,  de t lo te  2 1 1 ~  ; o w  n r fd  colun;n o f  A whi eh c o n t a i n s  

t h e  u : ~ i q u e  p o s j t i v e  en t t - y  o f t t h e  s u b i ~ r a t r i x  & . 
k 

We now s h o w  t h 3 t  n o n e  o f  t h e  Ak can be a  2 x 2  s u h -  

m a t r i x .  Supnose  f o r  some I, '  ( 1  5 k '  6 s ) ,  
A k  ' i s  a  2 x 2  

s u b m a t r i x .  Then A 
1; 

i s  p o s f t i v e ,  s i n c e  i t  i s  N D .  W i t h o u t  

l o s s  o f  g e n e r a i i  t y ,  we assume t h a t  i k v  i k , + l  a j k , + l  and 

j k ' + 1  6 1  i n d e x ,  r e s p e c t i v e l y ,  t h e  rows and columns o f  A 

which d e t e r m i n e  t h e  s u b m a t r i x  A k t  . R u t  t h e n  a 
i l C '  j k ' - + l  

i s  r e m o v a b l e ,  F o r ,  by  Lemma 4,4, 

A '  - A - a i  E i s  c h a i n a b l e ,  and i t  r ema ins  
k " j k ' + l  i k ' j k ' a %  

t o  be shown t h a t  A '  has  s u p p o r t .  Suppose  a  i s  an,? 

p o s i t i v e  e n t r y  o f  A '  which l i e s  on a  d i a g o n a l  d o f  A , 

where  a i  i s  an e n t r y  o f  d . T h e r e  a r e  two e a s e s  
k ' j k ' + l  

t o  c o n s i d e r :  

( 9 )  a  = a  o r  a = a  + 1 i j 
f o r  some k , 

i k ' + P l j k ' + l  I< k 

( 2 )  a  i s  an e n t r y  o f  A k  f o r  some k  f k '  , 

1 5 k S s .  

I n  t h e  f i r s t  c a s e ,  t h e r e  i s  a  p o s i t i v e  d i a g o n a l  d k  i n 

e ach  o f  A k ( i k 3 j k + l  ) f o r  k = 1 ;** 3 s  ( a g a i n ,  k t 1  d e n o t e s  

a d d i t i o n  mod s ) ,  by Theorern 2 , 3 .  B u t t h e n  t h e  e n t r i e s  of  

a l l  t h e  d k i s  p l u s  t h e  e n t r i e s  a .  ( k  = 1 . e e - , s ) ,  and t h e  
2- j 

k k  



s i n q l e  e n t r y  a  
4 - 1  

form a  p o s i t i v e  d i a a o n a l  o f  A '  
i k t+ i "k '+ l  

c o n t a i n i n g  a  In  t h e  s econd  c a s e ,  i f  a  i s  an e n t r y  o f ,  

, t h e n  Ak has  a  p o s i t i v e  d i a q o n a l  d o  
0 

c o n t a i n i n g  a  , and  t h e  e n t r i e s  o f  do  t o q e t h e r  w i t h  t h e  

e n t r i e s  of some d i a g o n a l  o f  each  Ak , ( k  f k , ,  k f k t ,  

1 S k 2 s ) ,  p l u s  t h e  e n t r i e s  ai  + 1 and 
k '  , j k ' + l .  

o f  A k l  form a  p o s i t i v e  d i a o o n a l  of A 
a i k l + l . j k l + l  

c o n t a i n i n g  a  . In  any c a s e ,  A' has  s u p p o r t  and i s ,  

t h e r e f o r e ,  N D .  T h i s  c o n t r a d i c t i o n  p r o v e s  t h a t  none o f  t h e  

I t  f o l l o w s  t h a t  t h e  m a t r i x  

i s  t h e  o n l y  3 x 3  N D  ( 0 , l )  m a t r i x  ( U P  t o  p - e n u i v a l e n c e ) .  Hence 

i t  i s  c l e a r  t h a t  t h e  lemma h o l d s  f o r  a l l  r x r  NP ( 0 , l )  m a t r i c e s  

w i t h  r = 3 , a r ( d  assunie i t  h o l d s  whenever  r  2 3 and r  < n . 
Now, s u n ~ g s e  A c o n t a i n s  a  2 x 2  p o s i t i v e  s u b m a t r i x  A' . Then ,  

b y  t h e  i n d u c t i o n  h v p o t h e s i s ,  A '  i s  n o t  c o n t a i n e d  i n  any o f  

t h e  Ck , f o r  1  I k  I s  . C l e a r l y ,  i t  must  be  t h a t  s  = 2 

and A c o r r e s ~ o n d s  t o  t h e  c a n o n i c a l  form 



I t  i s  a l s o  c l e a r  t h a t  ai a n d  ai m u s t  b e  
1 1  2 2 

e n t r i e s  o f  A '  s o  t h a t  il a n d  i2 , a n d  jl a n d  j2 a r e  

t h e  r o w s  a n d  c o l u m n s ,  r e s p e c t i v e l y ,  w h i c h  d e t e r m i n e  A '  + 

A t  l e a s t  o n e  o f  t h e  Ak  , s a y  A 2  , i s  l a r q e r  t h a n  1 x 1 ,  

a n d  h e n c e  i s  a t  l e a s t  3 x 3 .  T h e n  t h e  p o s i t i v e  e n t r y  ai 
2 1 

i s  r e m o v a b l e .  F o r  b y  Lemma 4 . 4 ,  A "  = A  - ai E i s  
2 1  2 1  

c h a i n a b l e .  We show t h a t  A "  h a s  s u p p o r t  i n  t h e  f o l l o w i n a  

m a n n e r :  s u p p o s e  a  i s  a  n o s i t i v e  e n t r , ~  o f  A "  w h i c h  l i e s  

on a  d i a g o n a l  d  o f  A c o n t a i n i n q  ai . A g a i n  we 
2 1 

c o n s i d e r  t w o  c a s e s :  ( 1 )  a i s  an  e n t r y  o f  Al , ( 2 )  a  i s  

a n  e n t r y  o f  A2 . I n  t h e  f i r s t  c a s e ,  l e t  dl b e  a n v  

p o s i t i v e  d i a g o n a l  o f  Al w h i c h  c o n t a i n s  a  , a n d  l e t  d 2  

b e  a n y  p o s i t i v e  d i a g o n a l  i n  t h e  s u b m a t r i x  f o r m e d  f r o m  A, 

b y  r e p l a c i n g  ai by  z e r o  ( s u c h  a  d i a a o n a l  e x i s t s  b y  
2 1 

Lemma 4 . 5 ) .  T h e n  t h e  e n t r i e s  o f  dl , c o m b i n e d  w i t h  t h e  

e n t r i e s  o f  d, f o r m  a  p o s i t i v e  d i a g o n a l  o f  A "  c o n t a i n i n g  

a  . I n  t h e  s e c o n d  c a s e ,  t h e  e n t r i e s  o f  d  c o n t a i n e d  i n  A 2  

( o t h e r  t h a n  ai ) ,  p l u s  t h e  e n t r i e s  ai a n d  ai 
2 1 1 1  2 2 

f o r m  a  p o s i t i v e  d i a q o n a l  o f  A "  c o n t a i n i n g  a  , when Al 

i s  1 x 1 .  When Al i s  l a r g e r  t h a n  1 x 1 ,  we m u s t  a d d  t h e  

e n t r i e s  o f  some d i a g o n a l  i n  Al(il,j2). A t  a n y  r a t e ,  A'' 

has s u n n o r t .  

T h i s  c o m ~ l e t e s  t h e  p r o o f  o f  t h e  lemma.  



Lemma 4 . 7 :  I f  A i s  a n  n x n  N D  m a t r i x  w i t h  n  2 3  , 

t h e n  t h e r e  a r e  a t  l e a s t  t h r e e  r o w s  and  t h r e e  c o l u m n s  o f  A  

h a v i n g  p r e c i s e l y  t w o  p o s i t i v e  e n t r i e s .  

P r o o f :  We u s e  i n d u c t i o n  o n  n  . The lemma i s  c l e a r l y  

t r u e  f o r  t h e  3 x 3  ND m a t r i x  ( s e e  p r o o f  o f  Lemma 4 . 6 ) .  Suppose  

n  > 3  . We p u t  A i n  t h e  c a n o n i c a l  f o r m  o f  Theorem 1 . 2 . 1 .  

I f  e v e r y  Ai , w h e r e  1  5 i 5 s  i s  1 x 1 ,  t h e  lemma i s  

c l e a r l y  t r u e .  I f  some Ai, i s  n o t  1 x 1 ,  i t  i s  a t  l e a s t  3 x 3  

a n d  s a t i s f i e s  t h e  i n d u c t i o n  h y p o t h e s i s .  I t  i s  c l e a r  t h a t  

A 
i ' c o n t r i b u t e s  a t  l e a s t  two  r o w s  a n d  t w o  co lumns  o f  A 

w h i c h  c o n t a i n  p r e c i s e l y  t w o  p o s i t i v e  e n t r i e s  s i n c e  Ei 
0 

and  E 
i [ k  = io + 1  (mod s ) ]  c o n t a i n  o n l y  one p o s i t i v e  

k 
e n t r y  e a c h .  The  lemma f o l l o w s .  

D e f i n i t i o n  4 . 1 :  I f  P = V,V;*~ 
"n 

i s  a  s i m p l e  p a t h  i n  

a  g r a p h  G , t h e n  t h e  e d g e s ,  i f  a n y ,  o f  G ( o t h e r  t h a n  vov,) 

w h i c h  a r e  i n c i d e n t  t o  t h e  end p o i n t  v, a r e  c a l l e d  t h e  e d g e s  

o f  a t t a c h m e n t  o f  v o  w i t h  r e s p e c t  t o  P . The e d g e s  o f  

a t t a c h m e n t  o f  t h e  end p o i n t  vn a r e  d e f i n e d  s i m i l a r l y .  

H e n c e f o r t h ,  when t h e r e  i s  no  d a n g e r  o f  c o n f u s i o n ,  t h e  q u a l -  

i f y i n g  p h r a s e  " w i t h  r e s p e c t  t o  P " i s  s u p p r e s s e d .  

D e f i n i t i o n  4 . 2 :  L e t  G b e  an  ( n , n )  b i g r a ~ h ,  and  

s u p p o s e  v  i s  a  d i v a l e n t  v e r t e x  o f  6 . L e t  a  and  b b e  

t h e  u n i q u e  v e r t i c e s  w h i c h  a r e  a d j a c e n t  t o  v  . We f o r m  a  

new e n t i t y  G '  by e l i m i n a t i n g  t h s  v e r t e x  v  and  t h e  edges  



av  and vb f r o m  G , a n d  i d e n t i f y i n g  t h e  v e r t i c e s  a  and b  

t o  f o r m  a  s i n g l e  v e r t e x  v '  ( s e e  f i g .  4 . 1 ) .  We c a l l  G '  

t h e  c o n t r a c t i o n  of G w i t h  r e s p e c t  t o  v . 

N o t i c e  t h a t  i n  g e n e r a l  G '  c a n  c o n t a i n  l o o p s  o r  m u l -  

t i p l e  edges  and,  t h e r e f o r e ,  n o t  be a  g r a p h  a c c o r d i n g  t o  o u r  

d e f i n i t i o n .  F o r t u n a t e l y ,  i n  t h e  i n t e r e s t i n g  c a s e  o f  b i g r a p h s  

o f  N D  m a t r i c e s ,  G' i s  a  g r a p h .  

F i g u r e  4 .1  

D e f i n i t i o n  4 . 3 :  I f  G i s  t h e  b i g r a p h  o f  an F I  m a t r i x  

A , t h e  edge  e  i s  s a i d  t o  b e  removab le  i f  G-e i s  t h e  

b i g r a p h  o f  an F I  m a t r i x  A '  . 

An i m m e d i a t e  c o n s e q u e n c e  o f  t h e  above  d e f i n i t i o n  i s  

t h a t  if G i s  t h e  b i g r a p h  o f  an FI m a t r i x  A , an edge e 

o f  G i s  r e m o v a b l e  if and o n l y  i f  t h e  p o s i t i v e  e n t r y  aij 

o f  A , w h i c h  c o r r e s p o n d s  t o  e  , i s  r e m o v a b l e .  



Lemma 4 .8 :  L e t  A b e  a n  n x n  F I  m a t r i x .  S u p p o s e  aij 

i s  a n  e n t r y  o f  A w h i c h  i s  n o t  r e m o v a b l e ,  a n d  as, an  

e n t r y  w h i c h  i s  r e m o v a b l e .  T h e n  aij i s  n o t  r e m o v a b l e  i n  

E .  
A - a s t  s t  

P r o o f :  aij i s  t h e  o n l y  p o s i t i v e  e l e m e n t  i n  a n  s x t  

E ) w i t h  s + t = n .  s u b m a t r i x  o f  A ( a n d ,  h e n c e ,  o f  A-ast  s t  

R e c a l l  t h a t  a  n o d e  w i s  a  v e r t e x  w h i c h  i s  n o t  

d i v a l e n t .  I n  t h e  c a s e  w h e r e  w i s  a  node  o f  t h e  b i g r a p h  o f  

a n  F I  m a t r i x ,  Theo rem 2 . 5  t e l l s  us t h a t  v a l  ( w )  2 3 . 

Theo rem 4 . 9 :  L e t  G b e  t h e  b i g r a p h  o f  an  n x n  N D  ( 0 . 1 )  

m a t r i x  A , w h e r e  n  2 3 . S u ~ p o s e  G h a s  a  d i v a l e n t  

v e r t e x  v  whose  a d j a c e n t  v e r t i c e s  a r e  n o d e s .  Then t h e  c o n -  

t r a c t i o n  G '  o f  G w i t h  r e s p e c t  t o  v  i s  a  g r a p h .  F u r t h e r -  

m o r e ,  G i s  t h e  b i g r a p h  o f  a n  ( n - l ) x ( n - 1 )  N D  ( 0 , l )  m a t r i x  

A '  , a n d  p e r  A = D e r  A '  . 

P r o o f :  L e t  a  a n d  b  b e  t h e  d i s t i n c t  n o d e s  i n  V(G) 

w h i c h  a r e  a d j a c e n t  t o  v  . T h e n  a  i s  n o t  a d j a c e n t  t o  b . 
L e t  I e l , eeo .eq l  a n d  I f l , * * * , f  r l d e n o t e  t h e  e d g e s  o f  a t t a c h -  

m e n t  o f  a  a n d  b , r e s p e c t i v e l v .  We w i l l  r e f e r  t o  t h e s e  

e d g e s  b y  t h i s  t e r m i n o l o g y  w h e t h e r  we a r e  c o n s i d e r i n a  t hem a s  

b e i n g  e i t h e r  i n  E ( G )  o r  i n  E(G'). (See  F i ~ u r e  4 . 2 . )  O b s e r v e  



Figure  4 , Z  

t h a t  s i n c e  a and b a r e  nodes ,  q 2 2 and r 2 2 . \de 

w i l l  d i v i d e  t h e  proof  i n t o  f o u r  p a r t s :  

( 1 )  G '  i s  a  g r a p h .  

( 2 )  There i s  a  1 - 1  co r re spondence  between t h e  I - f a c t o r s  

of G and G '  , r e s p e c t i v e l y ,  such t h a t  i f  t h e  

1 - f a c t o r  F o f  G c o r r e s p o n d s  t o  t h e  I - f a c t o r  

F '  of  G '  , then t h e  edges of F i n  E ( G 1 )  

c o i n c i d e  w i t h  E ( F t ) .  



( 3 )  G '  c o r r e s p o n d s  t c  an ( n - l ) x ( n - 1 )  FI ( 0 , l )  m a t r i x  

A '  , and Per  A = Per  A '  . 

( 4 )  A' i s  N D ,  o r  e q u i v a l e n t l y ,  no edge of 6 '  i s  

removable.  We w i l l  d e m o n s t r a t e  t h i s  b y  assuming 

t h a t  t h e r e  i s  an edge e  i n  E ( G ' )  such t h a t  GI-e  

i s  t h e  b ig raph  of an FI m a t r i x ,  and showina t h a t ,  

i n  t h i s  c a s e ,  G-e i s  a l s o  t h e  b i9 ranh  of an FI 

m a t r i x ,  which c o n t r a d i c t s  t h e  f a c t  t h a t  A was N D .  

The n r o o f s  of ( 1 )  th rough ( 4 )  f o l l o w :  

Proof  of ( 1 ) :  I t  i s  c l e a r  t h a t  G '  i s  a graph i f  a n d  

onl:/ i f  i t  has no loops  o r  m u l t i p l e  e d g e s .  Now, G' has  a  

loon i f  and on lv  i f  a  and b a r e  a d j a c e n t .  I n  t h i s  c a s e ,  

t h e  c y c l e  avba has  l e n q t h  3 , c o n t r a d i c t i n g  Theorem 1 . 2 .  

A l so ,  G '  has m u l t i p l e  edges i f  and on ly  i f  t h e r e  i s  a v e r t e x  

w # v , such t h a t  w i s  ad , jacent  t o  b o t h  a  and b . In 

t h i s  c a s e  t h e  c y c l e  avbwa has l e n g t h  4  , which c o n t r a d i c t s  

Lemma 4 . 6 .  I t  f o l l o w s  t h a t  G '  i s  a  q r a n h .  

Proof  of ( 2 ) :  Sunpose F i s  a 1 - f a c t o r  o f  G . Let  

F '  = E ( F )  n E ( G t )  . I t  i s  c l e a r  t h a t  F' i s  an indenenden t  

s e t  of edaes  which c o v e r s  every  v e r t e x  of G '  e x c e n t .  

p o s s i b l y ,  v '  . We have e i t h e r  t h a t  av i s  i n  E ( F )  and v b  i s  

n o t ,  o r  v b  i s  i n  E ( F )  and av i s  n o t .  In t h e  former c a s e ,  

b i s  covered  b y  an edge of a t t achment  f i ,  E E(F) . B u t  



t hen  f i t  E F '  and f i t  c o v e r s  v '  S i m i l a r l y ,  i n  t h e  

remain ing  c a s e ,  t h e r e  i s  an e  E F' which cover s  v '  . 
j ' 

We have shown t h a t  [ F ' ]  i s  a  1 - f a c t o r  f o r  G' which 

i s  u n i q u e l y  de te rmined  by F and has t h e  same edges a s  F 

i n  E ( G t ) .  We w r i t e  [ F ' ]  = T ( F )  . O n  t h e  o t h e r  hand,  i f  

F '  i s  any 1 - f a c t o r  of  G' , E ( F ' )  c o n t a i n s  e i t h e r  an edge 

of  a t tac i iment  e  
s ' of a  o r  an e d ~ e  of a t t a c h m e n t  f t t  

of b . Say e  E E ( F t )  . Then f i  6 E ( F ' )  f o r  1  5 i  5 r  , 
S 

s o  t h a t  F = F' U [ v b ]  i s  a  1 - f a c t o r  of G hav in?  t h e  same 

edges  i n  € ( G I )  as  F '  . C l e a r l y ,  R ( F )  = F '  . T h i s  e s t a b -  

l i s h e s  t h e  d e s i r e d  1-1 co r re spondence .  

Proof  of ( 3 ) :  Observe t h a t  G '  i s  connected  s i n c e  G 

i s  connec ted .  I f  e  E E ( G t )  , t h e r e  i s  a  1 - f a c t o r  F of 

G such t h a t  e  E E ( F )  . B u t  t hen  us ing  ( 2 ) ,  e E E ( n ( F ) )  , 

and i t  f o l l o w s  t h a t  any edge of 5 '  i s  c o n t a i n e d  i n  a  1 - f a c t o r  

of  G '  . G' i s  an ( n - 1 , n - 1 )  b i g r a p h ,  a n d  we l e t  A '  be any 

( n - l ) x ( n - I ) ,  ( 0 , 9 )  m a t r i x  r e p r e s e n t a t i v e  of G '  . Then A '  

i s  FI b y  Theorems 2 . 3 ,  3 . 2 ,  and 3 . 3 .  Fur the rmore ,  i t  f o l l o w s  

immedia te ly  from ( 2 )  t h a t  p e r  A = p e r  A '  , 

Proof of ( 4 ) :  Assume t h a t  e  i s  a  removable edqe of 

G' . Then GI-e i s  connected  and has s u p p o r t .  We know t h a t  

S-e i s  c o n n e c t e d ,  o t h e r w i s e  G could  n o t  5e  2 -connec ted .  

\de w i l l  now show t h a t  e  i s  removable from S b y  degon- 

s t r a t i n g  t h a t  G-e has  s u p p o r t .  



Consider  f i r s t  t h e  edges  av and b v  o f  G-e . Not ice  

t h a t  t h e r e  s t i l l  remains  i n  E ( G i - e )  a t  l e a s t  one edge of 

a t t a c h m e n t  e i ,  o f  a  . ( T h i s  i s  because  q = > 2 and 

r 1 2  . )  Now, e i l  E E ( G t - e )  s o  t h e r e  i s  a 1 - f a c t o r  F' 

of GI-e which c o n t a i n s  e i ,  and c o n t a i n s  no f i  , where 

1 5 i  <= r . Then F '  U [ v b ]  i s  a  1 - f a c t o r  f o r  G-e which 

c o n t a i n s  v b .  In a  s i m i l a r  manner,  we f i n d  a  1 - f a c t o r  of 

G-e c o n t a i n i n g  a v .  

I t  remains t o  show t h a t  i f  f  i s  an a r b i t r a r y  edge of 

G-e o t h e r  than  av o r  v b ,  t hen  f  i s  c o n t a i n e d  in  a  1 - f a c t o r  

of G-e. B u t  t h i s  i s  t r i v i a l ,  f o r  t h e r e  i s  a  1 - f a c t o r  F '  

of GI-e c o n t a i n i n g  f  . F' c o n t a i n s  an edge of a t t a c h m e n t  

e  
i ' of a  o r  f i ,  of b . I n  t h e  former c a s e  F '  U [ v b ]  

and i n  t h e  l a t t e r  F' U [av]  a r e  1 - f a c t o r s  of G-e c o n t a i n i n g  

f  . Hence, G-e has s u p p o r t  and t h e r e f o r e ,  i s  F I .  Th i s  

comple tes  t h e  proof  of t h e  theorem. 

Theorem 4 . 9  has shown us t h a t  i f  A i s  a  s p e c i a l  t yue  

of N D  ( 0 , l )  m a t r i x ,  we can a s s o c i a t e  wi th  t h e  b ig raph  G of 

A a s t r i c t l v  s m a l l e r  b ig raph  G' , which a l s o  co r re snonds  

t o  an N D  ( 0 , l )  m a t r i x .  We need a  s i m i l a r  r e s u l t  f o r  t h e  

remain ing  N D  m a t r i c e s ,  and t h i s  i s  provided  b y  t h e  f o l l o w i n q .  



Theorem 4 . 1 0 :  L e t  G be  t h e  b i g r a p h  o f  an n x n  N D  ( 0 , l )  

m a t r i x  A , where  n h 3 . Suppose  G doe s  n o t  have  a  

d i v a l e n t  v e r t e x  whose a d j a c e n t  v e r t i c e s  a r e  nodes .  G d o e s  

have a  d i v a l e n t  v e r t e x  v , by Lemma 4 . 7 .  A t  l e a s t  one o f  

t h e  two v e r t i c e s  a d j a c e n t  t o  v , s a y ,  w , i s  a l s o  

d i v a l e n t .  : We d e n o t e  t h e  u n i q u e  v e r t i c e s  a d j a c e n t  t o  v and 

w , r e s p e c t i v e l y ,  by a  and b ( f i g .  4 . 3 ) .  Then t h e  

G ' :  

F i g u r e  4 . 3  



c o n t r a c t i o n  G '  of  G w i t h  r e s p e c t  t o  v  i s  a  g r a p h .  

F u r t h e r m o r e ,  one  o f  t h e  f o l l o w i n g  i s  t r u e :  

( 1 )  G' i s  t h e  b i g r a p h  o f  an ( n - l ) x ( n - 1 )  N D  ( 0 , l )  

m a t r i x  A' , o r  

( 2 )  The e d g e  v ' b  i s  r emovab l e  from G' a n d ,  i n  t h i s  

c a s e ,  t h e  g r a p h  GI' = G' - v ' b  i s  t h e  b i g r a p h  o f  

an ( n - l ) x ( n - 1 )  N D  ( 0 , l )  m a t r i x  A "  . 

I n  e i t h e r  c a s e  p e r  A = p e r  A' . 

P r o o f :  We w i l l  p a r a l l e l  v e r y  c l o s e l y  t h e  p r o o f  o'f 

Theorem 4 . 9 .  The p r o o f  o f  Theorem 4 .10  i s  d i v i d e d  i n t o  f i v e  

p a r t s :  

( I 1 )  G '  i s  a  g r a p h .  

( 2 ' )  T h e r e  i s  a  1-1 c o r r e s p o n d e n c e  between t h e  1 - f a c t o r s  

o f  G and G' ( a s  i n  Theorem 4 . 9 ) .  

( 3 ' )  G '  c o r r e s p o n d s  t o  an ( n - l ) x ( n - 1 )  F I  ( 0 , l )  m a t r i x  

A' w i t h  p e r  A = p e r  A' . 

( 4 ' )  No edge  o f  G '  , o t h e r  t h a n  v ' b ,  i s  r e m o v a b l e .  

( 5 ' )  E i t h e r  G' o r  G "  = G '  - v ' b  c o r r e s p o n d s  t o  an 

N D  ( 0 , l )  m a t r i x .  



P r o o f  o f  ( 1  ' 1 :  We l e t  a , v  and w c o r r e s p o n d  t o  t h e  

v e r t i c e s  a , v  and b , r e s p e c t i v e l y ,  i n  Theorem 4 . 9 .  The 

p r o o f  i s  t h e n  i d e n t i c a l  t o  t h e  p r o o f  o f  p a r t  ( 1 )  o f  t h a t  

t h e o r e m .  

P roo f  o f  ( 2 ' )  : L e t  F be a  1 - f a c t o r  o f  G . Then 

e i t h e r  vw i s  i n  E ( F )  o r  av and wb a r e  i n  E ( F ) .  In  t h e  f o r m e r  

c a s e ,  F '  = [ E ( F )  n &(GI)] , and i n  t h e  l a t t e r  c a s e ,  

F '  .: [ E ( F )  f7 E ( G ' ) ]  y [ v ' b ]  i s  a  1 - f a c t o r  f o r  G '  which 

h a s  p r e c i s e l y  t h e  same e d g e s  i n  E ( G ' )  a s  F d o e s .  bJe w r i t e  

F '  = - i r (F )  . Now i f  F '  i s  an a r b i t r a r y  1 - f a c t o r  o f  G '  , 

e i t h e r  v ' b  E E ( F 1 )  o r  n o t .  I n  t h e  f o r m e r  c a s e  

F  = F '  U [ a v ]  U [ w b ]  and i n  t h e  l a t t e r ,  F = F '  U [ v w ]  

i s  t h e  u n i a u e  1 - f a c t o r  of  G such  t h a t  T ( F )  = F '  

Proo f  o f  ( 3 ' ) :  T h i s  p r o o f  i s  i d e n t i c a l  t o  t h e  p r o o f  

o f  p a r t  ( 3 )  of  Theorem 4,9. 

Proo f  of ( 4 ' ) :  The edges  o f  a t t a c h m e n t  o f  a  i n  G 

and o f  v '  i n  G '  a r e  i d e n t i c a l .  A l s o ,  b h a s  t h e  same 

e d g e s  o f  a t t a c h m e n t  i n  G '  a s  i n  G . Suppose  t h e r e  i s  an 

edge  e f  v ' b  i n  G '  which i s  r e m o v a b l e .  L e t  f  be an 

a r b i t r a r y  edge  o f  6 - e ,  I f  f = av o r  f  = w b  , we l e t  F '  

be a  1 - - f a c t o r  o f  GI - e  c o n t a i n i n g  v ' b .  Then 



F '  u [ a v ]  U [wb]  i s  a  1 - f a c t o r  o f  G-e c o n t a i n i n g  a v  a n d  wb.  

I f  f = vw , t h e r e  i s  a  1 - f a c t o r  F '  o f  G I - e  c o n t a i n i n g  

e d g e s  o f  a t t a c h m e n t  o f  v '  a n d  o f  b , r e s p e c t i v e l y ,  i n  

G I - e .  T h e n  F ' U  [ v w ]  i s  a  1 - f a c t o r  o f  G-e c o n t a i n i n g  vw.  

I n  t h e  r e m a i n i n g  c a s e ,  f d o e s  n o t  l i e  o n  t h e  p a t h  avwb,  a n d  

f o c c u r s  i n  G I - e .  T h e r e  i s  a  1 - f a c t o r  F '  o f  G I - e  c o n -  

t a i n i n g  f , w h i c h  c o n t a i n s  v ' b  o r  d o e s  n o t .  I n  t h e  f o r m e r  

c a s e ,  F = F '  U [ a v ]  U [ w b ]  , a n d  i n  t h e  l a t t e r  c a s e ,  

F  = F '  U [ v w ]  i s  t h e  1 - f a c t o r  o f  G-e w h i c h  c o n t a i n s  f . 
Now G-e i s  c o n n e c t e d ,  f o r  o t h e r w i s e  a n  e n d  p o i n t  o f  e  w o u l d  

be  a n  a r t i c u l a t i o n  p o i n t  o f  G , w h i c h  c o n t r a d i c t s  t h e  

2 - c o n n e c t e d n e s s  o f  G . 

P r o o f  o f  ( 5 ' ) :  G '  c o r r e s p o n d s  t o  a n  ( n - l ) x ( n - 1 )  F I  

( 0 , l )  m a t r i x  A '  . We c o n s i d e r  t w o  c a s e s :  

( a )  u ' v  i s  n o t  a  r e m o v a b l e  e d g e .  I n  t h i s  c a s e  A '  i s  

ND. 

( b )  u ' v  i s  r e m o v a b l e .  B,y Lemma 4 . 8 ,  n o  e d p e  o f  G I - u ' v  

i s  r e m o v a b l e ,  a n d  i f  u ' v  c o r r e s p o n d s  t o  t h e  ~ o s i -  

t i v e  e n t r y  aij o f  A '  , t h e n  A "  = A '  - E 
a i j  i j  

i s  M D .  

T h i s  c o m p l e t e s  t h e  p r o o f  o f  t h e  t h e o r e m .  



The f o l l o w i n g  g raphs  i l l u s t r a t e  t h a t  both of t h e  cond i -  

t i o n s  t r e a t e d  by Theorem 4 . 9 0  can e x i s t .  

In t h i s  example we s e e  t h a t  G i s  N D ,  and v ' b  i s  removable 

from G '  . 

Here ,  G and G '  a r e  N D .  



We n o w  use  t h e  i n d u c t i v e  t o o l s  developed i n  t h e  p re -  

ceding  theorems t o  prove our  main r e s u l t .  

We f i r s t  need a  f e w  lemmas: 

Lemria 4 .11:  I f  n 2 2 and i s  t h e  b i ~ r a ~ h  o f  an - 
i I  n x n  ( 0 , l )  m a t r i x  A , a n d  i f  v i s  a  g rezn  v e r t e x  and 

\nj a  b l u e  v e r t e x  of G , t hen  I;-Cv,w) c o n t a i i ~ s  2 1 - f a c t o r .  

P r o o f :  Th i s  lemma i s  a  d i r e c t  consequence o f  

Theorem 2 . 1 .  

Leinrila 4 .12 :  Suppose t h e  graph G has a  path decom- 

p o s i t i o n  G = P o  U * a -  U Pk ( a s  u s u a l ,  B = P G  w e e  
0 

U P 
j j 

f o r  j = O , e 0 * , k )  such t h a t  P o  i s  a n  edge graph and P i  

( i  = 1  . - * *  , k )  i s  a  s i m n l e  pa th  vrliich avo ids  
B i - l  , e x c e p t  

f o r  i t s  d i s t i n c t  end p o i n t s ,  which a r e  c o n t a i n e d  i n  V ( B  ) .  
i-1 

Then i f  v E V ( G )  , v i s  e i t h e r  an end p o i n t  of P o  Or ,  

o t h e r w i s e ,  an i n t e r i o r  v e r t e x  of some P i  ( i  = 1 ; * * , k ) .  

p r o o f :  We use i n d u c t i o n  on k . The lenma i: t r i v i a l l v  

t r u e  i f  k = O . Suppose k > 1 and t h e  lemma i s  t r u e  f o r  

B . Then t h e  lemma h ~ l d s  b v  t h e  i n d u c t i o n  h v p a t h c s i s  f o r  
k -1 

t h o s e  v e r t i c e s  ( i n c l u d i n g  t h e  end p o i n t s  of P k )  which a r e  

i n  V ( B k - , ) .  The remaining v e r t i c e s  of G a r e  i n t e r i o r  t o  

pk 



Lemma 4 . 1 3 :  U n d e r  t h e  h y p o t h e s i s  o f  Lemma 4 . 1 2 ,  e a c h  

v e r t e x  o f  G i s  i n t e r i o r  t o  a t  m o s t  o n e  o f  t h e  P  
i 

P r o o f :  T h i s  f o l l o w s  t r i v i a l l y  f r o m  i n d u c t i o n  o n  k . 

T h e o r e m  4 . 1 4 :  L e t  G b e  t h e  b i g r a p h  o f  a n  n x n  ( 0 , l )  

m a t r i x  A . Then  A i s  F I  i f  a n d  o n l y  i f  t h e r e  i s  a  p a t h  

d e c o m p o s i t i o n  G = Po U Pl U * - .  U Pk ( B  as  u s u a l  d e n o t e s  
j 

P o U P I U  U P  f o r  j = O , * . e , k )  s a t i s f y i n g  t h e  
j 

f o l l o w i n g :  

( 1 )  Po i s  an e d g e  g r a p h .  

( 2 )  P  (i = 1 , 2 , * 0 * , k )  i s  a  s i m p l e  p a t h  o f  odd 
i 

l e n g t h ,  w h i c h  a v o i d s  B  
i -1  

e x c e p t  f o r  i t s  e n d  

v e r t i c e s  u  a n d  v  ; a n d  dB ( u , v )  i s  an  
i -1  

o d d  p o s i t i v e  i n t e g e r .  

We w i l l  h e n c e f o r t h  r e f e r  t o  a n y  p a t h  d e c o m p o s i t i o n  f o r  

G w h i c h  s a t i s f i e s  t h e  h y p o t h e s i s  o f  t h i s  t h e o r e m  a s  a  good 

p a t h  d e c o m p o s i t i o n  f o r  G . 

P r o o f :  L e t  G = P o U  PIU e e e  U P k  h e  a  g o o d  p a t h  

d e c o m p o s i t i o n  f o r  G . We u s e  i n d u c t i o n  on  k t o  p r o v e  

( a )  t h a t  G i s  c o n n e c t e d  a n d  ( b )  t h a t  G h a s  s u p p o r t .  I f  

k = 0  , i t  i s  c l e a r  t h a t  G s a t i s f i e s  ( a )  a n d  ( b ) .  C l e a r l y ,  

- 
G = Bk-l U Pk i s  c o n n e c t e d .  Now l e t  Pk - V ~ V ~ * * ~ V  s ' 



where s i s  odd.  P a r t i t i o n  E ( P k )  i n t o  t h e  two s e t s  

X = {v v , V 2 V 3 ' *  
0 1 

v 1 and 
3 v s - l  s 

Y = { V  V , V 3 V 4 , e * e  
1 2  

v 1 . Suopose f  i s  any edge i n  
3%-2  S-1 

G . Then f  i s  i n  one of t h e  d i s j o i n t  s e t s  E ( B k _ l ) ,  X , 

or Y . I f  f  E E ( R k - l )  , t h e r e  i s  a  1 - f a c t o r  F' of 

B 
k - 1  

wi th  f  E F '  . B u t  t hen  F '  0 [ Y ]  i s  a  1 - f a c t o r  of 

G c o n t a i n i n g  f  . I f  f  E Y , we obse rve  t h a t  B k - l  has 

some 1 - f a c t o r  F' s i n c e  i t  i s  F I ,  and F '  u [ Y ]  y i e l d s  t h e  

d e s i r e d  1 - f a c t o r  of G . I f  f  E X , Lemma 4 .11  t e l l s  us 

t h a t  6 - { v o 9 v s l  c o n t a i n s  a  1 - f a c t o r  F '  , and then  F' U [XI 

i s  t h e  d e s i r e d  1 - f a c t o r  of G . S i n c e  f  was chosen 

a r b i t r a r i l y ,  G has s u p p o r t .  In any e v e n t ,  G s a t i s f i e s  

( a )  and ( b ) ,  and i t  f o l l o w s  t h a t  A i s  F I .  

We now prove  t h e  conver se  wi th  t h e  a i d  of t h e  p reced ing  

theorems .  Suppose A i s  F I .  Observe t h a t  i f  n = 1  or 

n = 2 , G i s  an edge granh or a  4 - c v c l e ,  r e s p e c t i v e l y .  The 

theorem i s  c l e a r l y  t r u e  f o r  t h e s e  c a s e s  so  we may assume 

n L 3 . We w i l l  use  i n d u c t i o n  on M , t h e  number of edges 

i n  E ( S ) .  By Theorem 2 . 5  N h 6 . I f  = 6 then A i s  3 x 3  

and no e lement  i s  removable.  Then A must be p - e q u i v a l e n t  

t o  t h e  3 x 3  N D  m a t r i x  shown i n  t h e  proof  of Lemma 4 . 6 .  In 

t h i s  c a s e ,  G i s  a  6 - c y c l e ,  and obvious l j /  s a t i s f i e s  t h e  

theorem.  



5 5 

Suppose t h e n  t h a t  N > 6 , t h e  theorem holds  f o r  any 

K , when K i s  a  b iq raph  of an FI  m a t r i x  wi th  I E ( K ) I  = M 

and M < N . We d i s t i n g u i s h  t h r e e  c a s e s :  

Case I :  G has  a  removable edge e  . 

G-e s a t i s f i e s  t h e  i n d u c t i o n  h y p o t h e s i s  and we w r i t e  

G - e =  
0 
u P 1 u  U P . B u t  t hen  

S 

G = P o  U U P U [ e l  s a t i s f i e s  t h e  theorem. 
s 

Case 1 1 :  G has n o  removable e d g e s ,  and G has a  

d i v a l e n t  v e r t e x  v which i s  a d j a c e n t  t o  two nodes.  

We can a p n l y  Theorem 4 . 9 .  We adop t  t h e  t e rmino logy  and 

n o t a t i o n  of t h a t  theorem and r e f e r  t o  F i g u r e  4 . 2  in  t h e  

f o l l o w i n g :  

G I  s a t i s f i e s  t h e  i n d u c t i o n  h v p o t h e s i s ,  s o  we can w r i t e  

6 '  = P o  U - * *  U P  
s 

. By Lemmas 4.12 and 4 . 1 3 ,  v '  i s  e i t h e r  

an end p o i n t  of P o  , or i n t e r i o r  t o  some P i  ( 1  6 i  6 s ) .  

In t h e  f i r s t  i n s t a n c e ,  we can assume w i t h o u t  l o s s  of g e n e r -  

a l i t y  t h a t  P o  i s  an edge of a t t a c h m e n t  f i ,  of b . A l s o ,  

v '  i s  an end p o i n t  of P I  . We d e n o t e  t h e  o t h e r  end p o i n t  

of P, by u . I f  t h e  edge of P1 , which i s  i n c i d e n t  t o  

v '  , i s  an edge of a t t a c h m e n t  e i ,  o f  a  , we l e t  

P i  = P I U [ a v b ]  , and i d e n t i f y  v '  and a  so t h a t  P i  i s  

a  s i m p l e  pa th  of o d d  l e n q t h  wi th  end p o i n t s  u and b . 



Then P o  U P i  U P 2  U U P i s  a good  p a t h  d e c o m p o s i t i o n  
S 

f o r  G . I f  t h e  edge o f  P1 , w h i c h  i s  i n c i d e n t  t o  v '  

i s  some edge o f  a t t a c h m e n t  fi. o f  b  o t h e r  t h a n  fit = P o  , 

we o b s e r v e  t h a t  t h e  edges o f  a t t a c h m e n t  e  ( i  = l , * * . , r )  
i 

o f  a  c o r r e s p o n d  t o  t h e  edges o f  d i s t i n c t  p a t h s  P 
j; 

A 

( i  = l , . * e , r )  w h i c h  h a v e  end p o i n t  v '  L e t  P b e  t h e  
jil 

one h a v i n q  t h e  s m a l l e s t  i n d e x  ji1 , w i t h  end n o i n t s  V '  

and ,  s a y ,  u  . L e t  P I  b e  t h e  p a t h  P U [ a v b ]  , w i t h  
7il jil 

b  i n c i d e n t  t o  fill . Then,  P :  i s  a  s i m p l e  p a t h  o f  G 
l i t  

o f  odd l e n g t h  w i t h  end p o i n t s  b  and u  , and 

P o  u * . *  U P U P '  U P  u . . .  U P  i s  a  good  p a t h  
j4  j4  1: 1+1 s 
L I I 

d e c o m p o s i t i o n  f o r  G . The r e m a i n i n g  p o s s i b i l i t y  i n  Case I 1  

i s  t h a t  v '  i s  an i n t e r i o r  v e r t e x  t o  some Pit , w h e r e  

1  5 i 5 k . I n  t h i s  c a s e ,  t w o  edqes o f  P 
i ' a r e  i n c i d e n t  

t o  v '  . We m u s t  d i s t i n g u i s h  t w o  c a s e s :  

( a )  B o t h  o f  t h e  edges o f  Pi i n c i d e n t  t o  v '  

o c c u r  among t h e  edqes o f  a t t a c h m e n t  e i t h e r  o f  a  

o r  o f  b . W i t h o u t  l o s s  o f  g e n e r a l i t y ,  we c a n  

assume t h a t  t h e y  a r e  edges o f  a t t a c h m e n t  o f  a  . 
I n  t h i s  case ,  a l l  t h e  edges o f  a t t a c h m e n t  o f  b 

a r e  end edges o f  d i s t i n c t  p a t h s  P , w h e r e  
i 
J 

j = I,... ,r . L e t  P 
i be t h e  p a t h  w i t h  t h e  
j '  

s m a l l e s t  i n d e x ,  and s u p p o s e  i t s  end p o i n t ,  o t h e r  

t h a n  v '  , t o  be u  . We f o r m  t h e  s i m p l e  p a t h  



of  odd l e n g t h  P '  
i 

= P U f a v b ]  wi th  end 
i 

j ' j ' 
p o i n t s  u and a  , b y  making b i n c i d e n t  t o  

t h e  edge of Pi which w a s  i n c i d e n t  t o  v '  i n  
j ' 

G '  Then 

Po U - '  U P U P; U Pi U P i s  a 
i ,-1 S 
j j' j 

good pa th  decomposi t ion  f o r  G . 

( b )  One of  t h e  edges of P i n c i d e n t  t o  v '  i s  an 
i 

edge of a t t a c h m e n t  e  of  a  and t h e  o t h e r  i s  an 

edge of a t t a c h m e n t  f  of b . In t h i s  c a s e ,  we 

mere ly  s e t  P I  = P .  U [ a v b ]  , where a  i s  
1 

i n c i d e n t  t o  e  and b i s  i n c i d e n t  t o  f . Then 

Po u U P 
i-l u P! u PiCl 

1 
U e e O  U P  i s  a good 

S 

path decomposi t ion  f o r  G . 

This  comple tes  t h e  proof  of Case 11. There i s  one 

remaining  p o s s i b i l i t y .  

Case 111: G has n o  removable e d y e s ,  and eve rv  d i v a l e n t  

v e r t e x  v has  an a d j a c e n t  d i v a l e n t  v e r t e x  w . 

In t h i s  c a s e ,  we can app ly  Theorem 4 . 1 0 .  We adop t  t h e  

t e rmino logy  of t h i s  theorem,  a n d  r e f e r  t o  F igure  4 . 3 .  

I f  G' i s  N D ,  t hen  G '  s a t i s f i e s  t h e  i n d u c t i o n  hypoth-  

e s i s  and we have a  good path decomposi t ion  

G' = P o  U o = *  U P . Now t h e  edge v ' b  occur s  i n  one o f  t h e  
S 



p i  , s a y ,  i n  P . In t h i s  c a s e ,  we s imple  i n s e r t  t h e  i 
1 

path avw i n t o  P i  t o  form t h e  path 9 . Then 
1 

' i 
L 

P o  u U P 
i -1 U Q i  U P i  +, u g e e  u P i s  a  good pa th  
1 1 1 

S 

decomposi t ion  f o r  G . 

I f  G' i s  no t  N D ,  G "  i s ,  and we can w r i t e  

6 '  = P O  U e e e  U P  ; t hen  G = P o  u u P s  u [ a v w b ]  i s  
S 

a  good pa th  decomposi t ion  f o r  G . This  comple tes  t h e  proof  

of  t h e  theorem. 

The f o l l o w i n g  r e s u l t  i s  impl i ed  inlmediately by t h e  

p reced ing  theorem.  

Theorem 4 .15 :  I f  G i s  t h e  b ig raoh  of an n x n  ( 0 , l )  N D  

m a t r i x  A , t h e n  i n  t h e  decomoosi t ion  G = P  U P, U * * .  U P, 
0 

of  Theorem 4 . 1 4 ,  P has  l e n g t h  L 3  f o r  i  = l , * * * , k  . 
i 

P r o o f :  Say P i ,  has l e n g t h  1  , where 1  c i ' S  k  . 
Then G' = P o  U U P ' i I + l  

IJ . . *  
i ' -1  

U P k  co r re sponds  

t o  an FI m a t r i x  by t h e  proof  of t h e  f i r s t  p a r t  of Theorem 4 . 1 4 .  

B u t  t hen  t h e  edge E ( P . , )  i s  removable,  c o n t r a d i c t i n g  t h e  f a c t  
1 

t h a t  G was N D .  

We show below t h a t  t h i s  l a s t  r e s u l t  i s  e q u i v a l e n t  t o  

H a r t f i e l ' s  Theorem (Theorem I . 2 . 3 ) ,  and t h u s ,  can be con- 

s i d e r e d  t h e  graph t h e o r e t i c a l  ana loaue  of t h a t  r e s u l t .  In 



t h e  n e x t  c h a p t e r ,  we w i l l  use  Theorern 4 .15  e x t e n s i v e l y  i n  

d e r i v i n g  some p r o p e r t i e s  s f  F %  m a t r i c e s ,  and i n  p a r t i c u l a r ,  

o f  N D  m a t r i c e s  . 

Theorem 4 .16:  A n  n x n  ( 0 , 1 )  m a t r i x  A s a t i s f i e s  t h e  

c o n c l u s i o n  of Theorem 1 . 2 . 3  i f  and on ly  i f  i t s  b ig raph  G 

s a t i s f i e s  t h e  c o n c l u s i o n  of Theorem 4 .15 .  

P roof :  We w i l l  adop t  t h e  n o t a t i o n  of t h e  theorems 

c i t e d .  

Suppose t h a t  A s a t i s f i e s  t h e  c o n c l u s i o n  of 

Theorem 1 . 2 . 3 .  The c a s e s  where n = 1  o r  n = 2 a r e  

t r i v i a l ,  s o  we may assume t h a t  n 2 3 . We w i l l  proceed by 

- i n d u c t i o n  on n . I f  n = 3 , e i t h e r  A l  = A ,  = A 3  - 

t h e  1x1 m a t r i x  1 o r  Al = 1  and A ,  i s  t h e  2 x 2  N D  

m a t r i x .  In e i t h e r  c a s e  G c l e a r l y  s a t i s f i e s  t h e  c o n c l u s i o n  

o f  Theorem 4 . 1 5 .  Assume t h a t  n > 3  , and t h a t  t h e  

r e s u l t  ho lds  f o r  s x s  ( 0 , l )  m a t r i c e s ,  when 3 <= s  < n . 
Observe t h a t  t h e  v e r t i c e s  of G cor respond ing  t o  t h e  rows 

of  A numbered l , * e e , s - l ,  and t h e  columns of A numbered 

l l , * * * , ( s - l ) ' ,  a r e  t h e  i n t e r i o r  v e r t i c e s  of  a  s imple  pa th  

P = v v , v l e e e v  
a 1 

V 
(s-1) l V  (s-1) b ' which avo ids  t h e  b i g r a p h  of 

A 
S 

e x c e p t  f o r  i t s  end v e r t i c e s  v a  and v, which c o r r e s -  

pond, r e s p e c t i v e l y ,  t o  some row and column of A . By t h e  
s 

c o n c l u s i o n  of Theorem 1 . 2 . 3 ,  A i s  N D .  I t  f o l l o w s  t h a t  
s 



A s a t i s f i e s  t h e  h y p o t h e s i s ,  a n d  t h e r e f o r e  t h e  c o n c l u s i o n  o f  
s 

Theo rem 1 . 2 . 3 .  B y  o u r  i n d u c t i o n  h y p o t h e s i s ,  t h e  b i g r a p h  G 
s 

o f  As h a s  a  g o o d  p a t h  d e c o m p o s i t i o n  G s  = P o U  PI U * * *  Pk 

s a t i s f y i n g  t h e  c o n c l u s i o n  o f  T h e o r e m  4 . 1 5 .  B u t  t h e n  

P o  U P, U u P k  u P  i s  j u s t  s u c h  a  d e c o m n o s i t i o n  f o r  G . 

C o n v e r s e l y ,  s u p p o s e  G s a t i s f i e s  t h e  c o n c l u s i o n  o f  

Theo rem 4 . 1 5 .  A g a i n ,  we p r o c e e d  b y  i n d u c t i o n  on  n  , a n d  

q u i c k l y  s e t t l e  t h e  c a s e s  n  = 1 ,  2 ,  a n d  3 . Now 

G = P o U  P 1  u U P k  . S i n c e  t h e  l e n g t h  ( o d d )  o f  Pk i s  

a t  l e a s t  3 ,  Pk has  a n  e v e n  number  ( a t  l e a s t  2 )  o f  i n t e r i o r  

v e r t i  c e s  vl ,vl, ,. - ,v (s-l) v S  . NOW s i m p l y  w r i t e  a  

r e p r e s e n t a t i v e  m a t r i x  A b y  l e t t i n g  t h e  i t h  r o w  a n d  j t h  

c o l u m n  o f  A c o r r e s p o n d  t o  vi a n d  v  r e s p e c t i v e l v ,  f o r  
j 

- < 1  6 1  , J = s  - 1  . L e t  A c o r r e s p o n d  t o  t h e  b i g r a p h  o f  
S 

B  = P o  U . @ *  U P 
k - 1  k - 1  ' w h e r e  A s  o c c u p i e s  t h e  n - s t 1  

r e m a i n i n g  c o l u m n s  a n d  t h e  n - s + l  r e m a i n i n g  r o w s  o f  A , 

o r d e r e d  i n  some a r b i t r a r y  f a s h i o n .  Then  A i s  a t  l e a s t  
S 

1 x 1  ( s i n c e  Pk  h a s  o d d  l e n g t h ) ,  a n d  i s  F I  b y  c o n s t r u c t i o n .  

Bk-l has  n o  r e m o v a b l e  e d g e s ,  f o r  o t h e r w i s e  G w o u l d .  

I t  f o l l o w s  t h a t  As i s  N D .  T h i s  c o m p l e t e s  t h e  p r o o f  o f  t h e  

t h e o r e m .  



I E I ,  APPLICATIONS OF T H E  MAIN RESULTS 

I n  t h i s  c h a p t e r  t h e  r e s u l t s  o f  Chapter  I 1  a r e  a p p l i e d  

t o  t h e  d e r i v a t i o n  of some b a s i c  p r o p e r t i e s  of FI and N D  

m a t r i c e s .  In a d d i t i o n ,  some f u r t h e r  r e s u l  t s  a r e  developed 

conce rn ing  t h e s e  m a t r i c e s  , 

I .  

Some s p e c i f i c  examples f a m i l i a r i z e  t h e  r e a d e r  wi th  t h e  

t e c h n i q u e s  of a s s o c i a t i n q .  p a r t i c u l a r  m a t r i c e s  wi th  p a r t i c u l a r  

b ig raphs  and i l l u s t r a t e  t h e  u s e f u l n e s s  of b ig raphs  i n  i d e n t i -  

f y i n g  FI m a t r i c e s .  We a l s o  answer a  few q u e s t i o n s  which a r o s e  

d u r i n g  t h e  c o u r s e  of our  r e s e a r c h .  

I n  [19 ] ,  t h e  a u t h o r  depends h e a v i l y  on a  r e s u l t  ( s t a t e d  

h e r e i n  a s  Theorem 11 .3 .1  of Chapter  11 )  t o  de te rmine  whether  

o r  n o t  c e r t a i n  nonnega t ive  m a t r i c e s  a r e  i r r e d u c i b l e .  In 

g e n e r a l ,  f o r  a g iven  nonnega t ive  m a t r i x  A i t  i s  probably  

n o t  as  f o r m i d a b l e  a  t a s k  t o  d e c i d e  by i n s p e c t i o n  whether  o r  

n o t  A i s  FI as  i t  i s  t o  d e c i d e  whether  o r  n o t  A i s  i r r e -  

d u c i b l e .  The former i s  n o t  always an easy  t a s k ,  however,  even 

f o r  m a t r i c e s  of f a i r l y  smal l  o r d e r .  O n  t h e  o t h e r  hand,  i t  i s  

u s u a l l y  q u i t e  easy  t o  de te rmine  whether  o r  no t  t h e  a s s o c i a t e d  

b igraph G has a  good pa th  decompos i t ion .  The f o l l o w i n g  

m a t r i x  and i t s  b ig raph  i l l u s t r a t e  t h i s  p o i n t .  I t  i s  d i f f i c u l t  



t o  a s c e r t a i n  b y  i n s p e c t i o n  t h a t  t h e  f o l l o w i n q  m a t r i x  does  n o t  

h a v e  a n  s x t  z e r o  s u b m a t r i x  w i t h  s  + t = n  : 

On t h e  o t h e r  h a n d ,  one  may r e a d i l y  s e e  t h a t  t h e  c o r r e s p o n d i n g  

b i g r a p h  h a s  s e v e r a l  g o o d  p a t h  d e c o m p o s i t i o n s :  



Two p o s s i b l e  g o o d  p a t h  d e c o m p o s i t i o n s  a r e :  

N o t i c e  t h a t  b o t h  d e c o m p o s i t i o n s  h a v e  t h e  same number  o f  com- 

p o n e n t  p a t h s .  We w i l l  show i n  t h e  n e x t  s e c t i o n  t h a t  f o r  t h e  

b i g r a p h  o f  a n  F I  m a t r i x ,  t h i s  number  i s  t h e  same f o r  a n y  g o o d  

p a t h  d e c o m p o s i t i o n .  

N o t i c e  a l s o  t h a t  f o r  a  g i v e n  p a t h  d e c o m p o s i t i o n ,  

P o  U P1 i s  a l w a y s  a  c y c l e  and ,  i n  t h e  e x a m p l e  shown h e r e ,  t w o  

d i f f e r e n t  c y c l e s  w e r e  c h o s e n  f o r  P o  U P1 . We c h a l l e n g e  t h e  

r e a d e r  t o  d i s c o v e r  i n  t h i s  e x a m p l e  a  c y c l e  w h i c h  cannot  b e  

t a k e n  f o r  P o  U P1 f o r  some g o o d  p a t h  d e c o m p o s i t i o n .  I n  t h e  

c o u r s e  o f  t h i s  r e s e a r c h ,  t h e  q u e s t i o n  a r o s e  as  t o  w h e t h e r  any 

c y c l e  i n  G c o u l d  b e  t a k e n  f o r  P o  U P1 i n  some g o o d  p a t h  

d e c o m p o s i t i o n .  The  f o l l o w i n g  e x a m p l e  shows t h a t  t h i s  i s  n o t  

t h e  c a s e ,  e v e n  when G c o r r e s p o n d s  t o  a  m a t r i x  w h i c h  i s  N D .  



G i s  F I  b e c a u s e  i t  h a s  t h e  p a t h  d e c o m p o s i t i o n  

H o w e v e r ,  t h e  c y c l e  1 1 ' 2 2 ' 3 3 ' 4 4 ' 5 5 ' 6 6 ' 1  c a n n o t  c o r r e s p o n d  t o  

P o  U P I  f o r  any g o o d  p a t h  d e c o m p o s i t i o n .  O b s e r v e  t h a t  t h e  

m a t r i x  c o r r e s p o n d i n g  t o  G i s  ND  s i n c e  e a c h  e d g e  i s  i n c i d e n t  

t o  a t  l e a s t  o n e  d i v a l e n t  v e r t e x  a n d ,  h e n c e ,  i f  e  i s  a n y  

e d g e  o f  G , a n y  m a t r i x  r e p r e s e n t a t i v e  o f  G - e  w o u l d  n o t  

s a t i s f y  T h e o r e m  1 1 . 2 . 5 .  



Theorem 1 1 . 4 . 1 5  a s s e r t s  t h a t  i f  G = P o  U e e e  U P k  i s  

any good path decomposi t ion  f o r  a  b igraph G of an N D  m a t r i x ,  

no P i  has l e n g t h  1 f o r  i = 1 , 2 , 0 e e , k  . In view of t h i s  

r e s u l t ,  i t  i s  n a t u r a l  t o  ask  i f  t h e r e  e x i s t s  a  b iq raph  G 

cor respond ing  t o  an N B  m a t r i x  A such t h a t  both end p o i n t s  

o f  some edge of G a r e  nodes .  The f o l l o w i n g  example i l l u s -  

t r a t e s  t h a t  t h i s  can happen. 

I t  i s  obvious t h a t  G i s  F I .  To see  t h a t  G i s  N D ,  

we o b s e r v e  t h a t  3 3 '  and 5 5 '  a r e  t h e  on ly  edges which could  

p o s s i b l y  be removable.  I f  we remove 3 3 ' ,  then  U = ( 1 , 3 , 6 )  

and V = ( 2 ' , 3 ' , 4 ' )  a r e  an independen t  s e t  of v e r t i c e s  wi th  

I u I  += I V I  = n . A l t e r n a t i v e l y ,  obse rve  t h a t  t h e  removal of 

any edge of G l e a v e s  a  b ig raph  which i s  no t  2 -connec ted .  



B a s i c  P r o p e r t i e s  o f  ND M a t r i c e s  

I n  t h i s  s e c t i o n  we u s e  t h e  r e s u l t s  o f  C h a p t e r  I 1  t o  

d e v e l o p  some b a s i c  p r o p e r t i e s  o f  MD m a t r i c e s .  We f i r s t  e s t a b -  

l i s h  t h e  u s e f u l  c o n c e p t  o f  t h e  " d e g r e e "  o f  a n  F I  m a t r i x .  

T h e o r e m  2 . 1  : L e t  G b e  t h e  b i g r a p h  o f  a n  n x n  F I  ( 0 , l )  

m a t r i x  A . L e t  N = I E ( G ) I  . ( E q u i v a l e n t l y ,  M = t h e  n u m b e r  

o f  p o s i t i v e  e n t r i e s  i n  A . )  S u p p o s e  G = Po U P, U U Pk 

i s  a n y  g o o d  p a t h  d e c o m p o s i t i o n  f o r  G . Then  k = N - 2n  + 1  . 

P r o o f :  We u s e  i n d u c t i o n  on  n  . I f  n  = 1  , t h e n  

G = P o ,  k = O ,  s o  N - 2 n + 1 - 1 - 2 + 1 = O ,  a n d t h e  

t h e o r e m  h o l d s .  L e t  n  > 1 , a n d  s u p p o s e  t h e  t h e o r e m  h o l d s  

f o r  a n y  mxm F I  ( 0 , l )  m a t r i x  A '  s u c h  t h a t  m  < n  . S u p p o s e  

t h e  l e n g t h  o f  Pk i s  L , s o  t h a t  Pk i n t r o d u c e s  L new 

e d g e s  a n d  L - 1  new v e r t i c e s  t o  G h a l f  g r e e n  a n d  h a l f  b l u e .  

T h e n  Bk-l = Po  U P I U  e * *  U P  
k - 1  

c o r r e s n o n d s  t o  a n  

(n -L+ x n - e )  m a t r i x ,  w h i c h  s a t i s f i e s  t h e  i n d u c t i o n  h y p o t h -  
2 

~ - - ) + 1 = - 1 .  I t  e s i s .  T h e r e f o r e ,  ( H  - L )  - 2(n - 

f o l l o w s  t h a t  N - 2 n +  1  = k .  

The  a b o v e  t h e o r e m  shows t h a t  a n v  q o o d  p a t h  d e c o m n o s i t i o n  

o f  G h a s  t h e  same l e n g t h  k , w h i c h  d e p e n d s  o n l y  o n  t h e  

s i z e  n  a n d  t h e  n u m b e r  o f  p o s i t i v e  e n t r i e s  N  o f  t h e  F I  

m a t r i x  A . We c a l l  k t h e  d e g r e e  o f  t h e  F I  m a t r i x  A a n d  

a l s o  r e f e r  t o  k as t h e  d e g r e e  o f  G . 
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The n e x t  t h e o r e m  g i v e s  an  u p B e r  b o u n d  e s t i m a t e  f o r  

t h e  number  o f  p o s i t i v e  e n t r i e s  i n  an  N D  m a t r i x .  

T h e o r e m  2 . 2 :  L e t  G b e  t h e  b i g r a p h  o f  a n  n x n  ND ( 0 , l )  

m a t r i x  A , w h e r e  n  1 3  . L e t  N  = IE(G) I . Then  

N 6 3 n - 3 .  

. P r o o f :  We u s e  i n d u c t i o n  on  t h e  d e g r e e  k o f  G . I f  

k = 1 , t h e n  G i s  a n  r - c y c l e  w h e r e  r i s  a n  e v e n  number  

2 6 .  I n  t h i s  c a s e  N  = 2n  a n d  3 S n  . Hence  0  S n  - 3  , 

s o  N 2 3n  - 3  . b e t  k > 1  a n d  s u p p o s e  t h e  t h e o r e m  h o l d s  

f o r  ND m a t r i c e s  o f  d e g r e e  l e s s  t h a n  k . L e t  

G = P o  U PI U U Pk b e  a  g o o d  p a t h  d e c o m p o s i t i o n  f o r  G . 
L e t  L b e  t h e  l e n g t h o f  P , .  Then  B 

k - 1  
s a t i s f i e s  t h e  

i n d u c t i o n  h y ~ o t h e s i s ,  s o  N - b  5 3 n  - ( ) - 3  . T h e r e -  
.% 

3 f o r e ,  N 1 3n - 2 ( L  - 1 )  - 3  + L  . B u t  b v  Theo rem 1 1 . 4 . 1 5  

1 3 1 L ,  s o  - - L I - -  2  I t  f o l l o w s  t h a t  N S 3n - 3 . 2  

We e n d  t h i s  s e c t i o n  b y  s h o w i n o  t h a t  f o r  e a c h  n  , t h e r e  

i s  o n l y  o n e  n x n  ND ( 0 , l )  m a t r i x  A , u n  t o  p - e q u i v a l e n c e ,  

f o r  w h i c h  N = 3n  - 3  . T h i s  t h e o r e m  i l l u s t r a t e s  how t h e  

b i g r a p h  c o n c e p t  c a n  b e  u s e d  t o  i l l u m i n a t e  w h a t  m i q h t  o t h e r w i s e  

b e  an  e x c e e d i n g l y  u n a t t r a c t i v e  c o m b i n a t o r i a l  a r g u m e n t .  

Theo rem 2 . 3 :  L e t  G b e  t h e  b i q r a p h  o f  an  n x n  ND ( 0 , l )  

m a t r i x  A , w i t h  n  2 3  . L e t  N = I E ( G ) I  . Then  N = 3n - 3 

i f a n d  o n l y  if A i s  p - e q u i v a l e n t  t o  t h e  m a t r i x :  



P r o o f :  Suppose A i s  p - e q u i v a l e n t  t o  A '  . I t  i s  

t hen  c l e a r  t h a t  N = 3n - 3  f o r  t h e  N D  m a t r i x  A '  , and 

t h e r e f o r e  f o r  A  . Converse ly ,  suppose f o r  a  g iven  N D  m a t r i x  

A , M = 3n - 3  . Observe t h a t  A  i s  p - e q u i v a l e n t  t o  A '  

i f  and o n l y  i f  G has t h e  form 



w h e r e  G = P A  U P; U U P; . We w i l l  p r o v e  t h e  t h e o r e m  b,y 

s h o w i n g  t h a t  G h a s  t h i s  f o r m ,  We p r o c e e d  by i n d u c t i o n  o n  

n . I f  n  = 3 , G i s  a  c y c l e  o f  l e n g t h  6 , a n d  t h e  

t h e o r e m  i s  s a t i s f i e d .  We now s u p p o s e  n > 3 , a n d  t h a t  t h e  

t h e o r e m  h o l d s  f o r  ( n - l ) x ( n - 1 )  N D  m a t r i c e s  w i t h  N = 3 n  - 3 . 
S i n c e  n > 3 , k 2 1 . Now s u p p o s e  P k  h a s  l e n g t h  L  , 

w h e r e  L b 3 b y  T h e o r e m  1 1 . 4 . 1 5 .  T h e n  B k - l  i s  a n  (m,m) 

b i q r a p h  w i t h  B )  1 = M w h i c h  c o r r e s p b n d s  t o  a n  mxm 

ND ( 0 , l )  m a t r i x  A "  . O b s e r v e  t h a t  M = M - L , a n d  

m = n -  - . !de now show t h a t  L = 3 . I f  3 < L , 2 

we h a v e  

Now, b y  T h e o r e m  2 . 2 ,  P I  I 3m - 3 , s o  we c a n  w r i t e  

N - L  5 3 n -  3  3 ( L - 3  = i n - I L + 2 - 1  

o r  b v  ( 1 )  a b o v e  

B u t  t h i s  c o n t r a d i c t s  t h e  a s s u m p t i o n  t h a t  N = 3 n  - 3 . I t  

f o l l o w s  t h a t  L = 3 . T h i s  i m p l i e s  t h a t  M = N - 3 a n d  

m = n - 1 .  

Now o b s e r v e  t h a t  i f  m  = 2 , Bk-l w o u l d  b e  a  c v c l e  

o f  l e n g t h  4  , a n d  G w q u l d  n o t  s a t i s f y  Lemma 1 1 . 4 . 6 .  If 

m = 1 t h e n  n  = 2 , w h i c h  c o n t r a d i c t s  o u r  a s s u m p t i o n s ,  



T h e r e f o r e ,  m 2 3 , and B k - l  s a t i s f i e s  t h e  i n d u c t i o n  

h y p o t h e s i s  and has a  r e p r e s e n t a t i o n  

wi th  B k - l  = P o  U P, u a * o u P k - l  . The v e r t i c e s  l a b e l e d  wi th  

i n t e g e r s ,  we c a l l  g r e e n ;  t h o s e  l a b e l e d  wi th  primed i n t e g e r s ,  

we c a l l  b l u e .  S i n c e  t h e  l e n g t h  of P k  i s  3 , P k  has 

i n t e r i o r  v e r t i c e s  n and n '  which a r e  a d j a c e n t ,  r e s p e c -  

t i v e l y ,  t o  a  b l u e  v e r t e x  a '  and a  g reen  v e r t e x  a  . By 

d e f i n i t i o n  a '  and a  c o i n c i d e  wi th  v e r t i c e s  of B k - ,  . 
To complete  t h e  p r o o f ,  i t  i s  s u f f i c i e n t  t o  show t h a t  a  = 1 

and a '  = 1 '  . 



We a c c o m p l i s h  t h i s  b y  s h o w i n g  t h a t  a l l  o t h e r  p o s s i b l e  

a s s i g n m e n t s  f o r  a  and  a '  y i e l d  a  g r a p h  w i t h  a  r e m o v a b l e  

edge .  W i t h o u t  l o s s  o f  g e n e r a l i t y  we c o n s i d e r  j u s t  s i x  c a s e s :  

Case I: n  = 4  . I n  t h i s  c a s e ,  BkS1 i s  a  c y c l e  o f  

l e n g t h  6 , a n d  u n l e s s  d B  ( a , a l )  = 3  , we h a v e  
k- 1  

dB 
( a , a i )  = 1  . The t h e o r e m  i s  s a t i s f i e d  i n  t h e  f o r m e r  

I<- 1  
i n s t a n c e  b u t  i n  t h e  l a t t e r ,  t h e  edge a a '  i s  r e m o v a b l e .  

We h e n c e f o r t h  assume t h a t  n  1 5 . 

Case 1 1 :  a = 1  a '  = 3 '  . I n  t h i s  c a s e ,  i f  

G '  = G - 1 3 '  t h e  c y c l e  l n ' n 3 ' 3 1 ' 2 2 ' 1  c a n  b e  t a k e n  as 

P o  U P1 f o r  a  good  p a t h  d e c o m p o s i t i o n ,  a n d  t h e r e f o r e  G I  

i s  F I .  

Case 1 1 1 :  a  = 2 , a '  = 3 '  . L e t  G '  = G - { 1 3 ' , 2 1  ' 1  . 
Then  t h e  c y c l e  3 ' n n ' 2 2 ' 1 4 ' 4 1 ' 3 3 '  c a n  e l e a r l % y  be  t a k e n  as 

P , U  P 1  f o r  some g o o d  p a t h  d e c o m p o s i t i o n .  

Case I V :  a  = 1  , a '  = 4 '  . L e t  G '  = G - 1 4 '  Then 

l e t  PA = l n ' n 4 ' 4 1 t  r e p l a c e  P 2  i n  t h e  decompos i  t i o n  f o r  

t h e n  i s  F I .  

Case V :  a  = 3  , a '  = 4 '  L e t  G '  = G - { 1 4 '  ,31 ' 1  

Then t h e  c y c l e  3 n t n 4 ' 4 1  ' 2 2 ' 1 3 ' 3  c a n  c l e a r l y  be  t a k e n  as 

P o  U P, f o r  a  g o o d  p a t h  d e c o m p o s i t i o n .  



When n  > 5 , we m u s t  c o n s i d e r :  

Case V I :  a  = 4 , a '  = 5 '  . L e t  G' = G - { 9 5 ' , 4 1 ' )  . 
Then l e t  P i  = 1 4 ' 4 n l n 5 ' 5 1 '  , a n d  we c a n  w r i t e  

G '  = P o  U P I  U P i  U P 4  U U P  
k-I. 

. T h i s  c o m p l e t e s  t h e  

p r o o f  o f  t h e  t h e o r e m .  

3 .  On M i n c ' s  L o w e r - B o u n d  E s t i m a t e  f o r  t h e  P e r m a n e n t  o f  

an  F I  ( 0 , l )  M a t r i x  

I n  1 9 6 9 ,  M i n c  [ I 1 1  a n n o u n c e d  t h a t  f o r  a l l  n x n  F I  ( 0 , l )  

m a t r i c e s :  

w h e r e  N e q u a l s  t h e  number  o f  p o s i t i v e  e n t r i e s  i n  A . 
( E q u i v a l e n t l y ,  N = a i j  1 

1 , J  

I n  t h e  f o l l o w i n g ,  we p r e s e n t  a  new,  s h o r t  p r o o f  o f  M i n c ' s  

i n e q u a l i t y  b a s e d  u p o n  p r e c e d i n g  m a t e r i a l  i n  t h i s  p a p e r .  O u r  

m a i n  r e s u l t  i n  t h i s  s e c t i o n  i s  Theo rem 3 . 2 ,  w h i c h  shows t h a t ,  

i n  a  s e n s e ,  M i n c ' s  r e s u l t  i s  t h e  b e s t  p o s s i b l e  e s t i m a t e  i n  

t e r m s  o f  n  a n d  N . 

O b s e r v e  t h a t  i f  A i s  an  n x n  ( 0 , l )  m a t r i x ,  a n d  i f  B 

i s  p - e q u i v a l e n t  t o  A , t h e n  p e r  B = p e r  A = K . I t  i s  

t h e n  c l e a r  t h a t  t h e  number  K i s  an i n v a r i a n t  o f  t h e  

? - e q u i v a l e n c e  c l a s s  o f  A ; i n  f a c t ,  i t  c o r r e s p o n d s  t o  t h e  



number  o f  d i s t i n c t  I - f a c t o r s  o f  t h e  b i g r a p h  6 o f  A ( s e e  

C o r o l l a r y  1 1 ' 3 . 4 ) .  W i t h o u t  d a n g e r  o f  c o n f u s i o n ,  we w i l l  

d e n o t e  t h i s  u n i q u e  number c o r r e s p o n d i n g  t o  an  ( n , n j  b l g r a p h  

G by " p e r  G " Then,  by d e f i n i t i o n ,  i f  G i s  t h e  b i g r a p h  

o f  an n x n  f 8 , S )  m a t r i x  A , p e r  G = p e r  A . 

Theorem 3 . 1 :  I f  G i s  t h e  b i g r a p h  s f  an n x n  N D  ( 0 , l )  

m a t r i x  A , and  i f  N = IE(G)I , t h e n  p e r  G h N  - 2n  + 2 . 

P r o o f :  A c c o r d i n g  t o  Theorem 1 1 . 4 . 1 5 ,  

G = P o U P I U e O e U P R  w h e r e  t h e  l e n g t h  o f  P i  i s  a t  

l e a s %  3 (i = 1 ,k). We u s e  i n d u c t i o n  on  t h e  d e g r e e  k 

o f  G t o  show t h a t  p e r  G 1 k t l . F o r  k = 0 , p e r  G = I , 

a n d  t h e  t h e o r e m  h o l d s .  Suppose 9 2 r S k , and 

per 'r-1 h ( r  - 1 )  + 1  . Now P r i s  a  p a t h  o f  o d d  l e n g t h  

L L 3  , s a y ,  P = V,V;~-V 
r L 

b e t  

X = I V ~ V ~ , V ~ V ~ . ~ ~ ~  , v ~ - ~ v ~ }  a n d  Y = ~ v ~ v ~ , v ~ v ~ , ~ ~ ~  v  1 ,  
"L-2 L - l  

Then t h e  l - f a c t o r s  o f  B w i l l  b e  t h e  s u b g r a p h s  F U [ Y ]  
r 

a n d  F '  U [ X I  , w h e r e  F  i s  any l - f a c t o r  o f  B 
r-1 

and  

F' i s  a n y  1 - f a c t o r  o f  5r-1-{v0,vL} . Thus,  Y i s  c o n t a i n e d  

i n  t h e  edge s e t  o f  e x a c t l y  p e r  5r-l I - f a c t o r s  o f  Br , and ,  

b y  Lemma 1 1 . 4 . 1 1 ,  X i s  c o n t a i n e d  i n  a t  l e a s t  one o t h e r  

l - f a c t o r  o f  B . I t  f o l l o w s  t h a t  
Z 

p e r  B 2 p e r  B,-l 
r 

+ I  ~ ( r - ) + I  1 = r + 1  T h i s  

c o m p l e t e s  t h e  i n d u c t i o n  a r g u m e n t .  I t  f o l l o w s  t h a t  

p e r  G 2 k + 1  . By Theorem 2 .9 ,  k = N - 2n + 1  , and we 

h a v e  p e r  G 2 M - 2n + 2  . 



S i n c e  p e r  G = p e r  A , t h i s  r e s u l t  y i e l d s  M i n c ' s  

e s t i m a t e .  

We now n e e d  t h e  f o l  l o w i n g  g r a p h - t h e o r e t i c a l  lemma: 

Lemma 3 . 3 :  I f  t h e  g r a p h  G i s  a  f o r e s t ,  t h e n  t h e  

number o f  d i s t i n c t  I - f a c t o r s  i n  G i s  a t  m o s t  one.  

P r o o f :  We d e f i n e  a  pendant  edge o f  G t o  b e  a n  e d g e  

w i t h  p r e c i s e l y  one  m o n o v a l e n t  v e r t e x .  Now, i f  t h e  c o m p o n e n t s  

o f  G c o n s i s t  o n l y  o f  edge g r a p h s  and v e r t e x  g r a p h s ,  t h e  

t h e o r e m  i s  e v i d e n t l y  t r u e .  Suppose t h e r e  i s  a  componen t  T 

o f  G w h i c h  i s  n o t  an edge g r a p h  o r  v e r t e x  g r a p h .  Now T  

i s  a  t r e e ,  s o  b y  Theorem 1 1 . 1 . 4 ,  T  has  a t  l e a s t  one mono- 

v a l e n t  v e r t e x  v  . S i n c e  T  i s  c o n n e c t e d  a n d  n o t  an  edge 

g r a p h ,  v  m u s t  b'e a d j a c e n t  t o  a  v e r t e x  w w i t h  v a l  w  L 2 . 
Hence,  T  h a s  a  p e n d a n t  e d g e  vw. Now s u p p o s e  F i s  any  

1 - f a c t o r  o f  G . Then E ( F )  c o v e r s  b o t h  v  a n d  w , b u t  

t h i s  c a n  o n l y  happen  i f  vw E E ( F )  . T h e r e f o r e ,  t h e  edges  

o t h e r  t h a n  vw w h i c h  a r e  i n c i d e n t  t o  w a r e  n o t  i n  E(F) a n d  

t h e r e f o r e  n o t  edges  o f  any  1 - f a c t o r  o f  G , s i n c e  F was 

c h o s e n  a r b i t r a r i l y .  I t  f o l l o w s  t h a t  t h e  g r a p h  T - { v , w l  h a s  

p r e c i s e l y  as many d i s t i n c t  1 - f a c t o r s  as T . I f  T - { v , w l  h a s  

a  p e n d a n t  e d g e ,  we r e p e a t  t h e  p r o c e s s .  S i n c e  E ( G )  i s  f i n i t e ,  

we e v e n t u a l l y  a r r i v e  a t  a  g r a p h  T '  h a v i n g  no  p e n d a n t  e d g e s ,  

w h e r e  T '  has p r e c i s e l y  as  many 1 - f a c t o r s  as T  . B u t  T '  



m u s t  t h e n  Re a  g r a p h  whose componen ts  a r e  edge g r a p h s  o r  

v e r t e x  g r a p h s .  ( N o t e  t h a t  we c a n n o t  h a v e  b o t h  E ( T 1 )  = Q 

and  V ( T 1 )  = fl b e c a u s e  i f  v i s  a  v e r t e x  o f  a g r a p h  G , 

G - v = fl i f  a n d  o n l y  i f  G = { v )  . )  Then i f  a n y  o f  t h e  

componen ts  o f  T '  i s  a  v e r t e x  g r a p h ,  T '  has  no I - f a c t o r s .  

I f  a l l  t h e  componen ts  o f  T '  a r e  edge g r a p h s ,  T '  h a s  a  

s i n g l e  1 - f a c t o r .  A11 t h e  components  s f  G c a n  b e  r e d u c e d  

i n  t h i s  m a n n e r ,  and s i n c e  t h e  number o f  d i s t i n c t  1 - f a c t o r s  

o f  G e q u a l s  t h e  p r o d u c t  o f  t h e  numbers  o f  d i s t i n c t  I - f a c t o r s  

i n  each  componen t ,  G has a t  m o s t  one  1 - f a c t o r .  

The f o l l o w i n g  t h e o r e m  shows t h a t  M i n c ' s  l o w e r  b o u n d  c a n  

b e  a c h i e v e d  f o r  e v e r y  p o s s i b l e  v a l u e  o f  n  and  N f o r  w h i c h  

t h e r e  i s  an n x n  N D  ( 0 , l )  m a t r i x  w i t h  N p o s i t i v e  e n t r i e s .  

Theorem 3 . 2 :  L e t  n  b e  an i n t e g e r ,  w i t h  n  2 3  . 
Suppose 2n 6 N 5 3n - 3 . Then t h e r e  i s  a b i g r a p h  G 

c o r r e s p o n d i n g  t o  an n x n  N D  ( 0 , l )  m a t r i x  A w i t h  I E(G) I = N  , 

and  p e r  G = p e r  A = N  - 2n + 2 . 

P r o o f :  L e t  k  = N - 2n + 1 . Then k 2 1  , b y  t h e  

i n e q u a l i t y  s t a t e d  i n  t h e  h y p o t h e s i s .  We c o n s t r u c t  t h e  g r a p h  

G w i t h  t h e  p a t h  d e c o m p o s i t i o n  G = P o  U Pl U U Pk as 

f o l l o w s :  L e t  L  d e n o t e  t h e  l e n g t h  o f  t h e  p a t h  P i  f o r  
i 

j = , k  . We a s s i g n  t h e  f o l l o w i n g  l e n g t h s :  L o  = 1  , 

L1 = N - 3 k  + 2 , and L, - = L~ - ... = L~ = 3 , Then 



z ( - 6 n  + 6 )  + 6n  - 1  = 5 . We c o n s t r u c t  G a c c o r d i n g  t o  i t s  

p a t h  d e c o m p o s i t i o n  as u s u a l ,  w i t h  t h e  end  p o i n t s  o f  P o  

c o i n c i d e n t  w i t h  t h o s e  o f  P1 . We h a v e  t h a t  t h e  c y c l e  

Bl = P o  U P I  has  l e n g t h  2 6  , so i t  i s  p o s s i b l e  t o  p i c k  

v e r t i c e s  u a n d  v  o f  d i f f e r e n t  c o l o r  i n  E(B1) w i t h  

dB ( u , v )  L 3 . We now t a k e  u  and  v  t o  b e  t h e  e n d  p o i n t s  
'1 

o f  P f o r  i = 2 , e * e , k  ( s e e  f i g .  3 . 1 ) .  
i 

F i g u r e  3 .1  

C l e a r l y  G c o r r e s p o n d s  t o  an F I  m a t r i x  A b y  

Theo rem 1 1 . 4 . 1 4 :  and ,  s i n c e  e v e r y  edge  o f  G i s  i n c i d e n t  t o  

a t  l e a s t  one d i v a l e n t  v e r t e x ,  no  e d g e  o f  G i s  r e m o v a b l e .  

I t  f o l l o w s  t h a t  A i s  ND. I t  r e m a i n s  t o  show t h a t  

p e r A = p e r G = k + l = N - 2 n + 2 .  



We u s e  i n d u c t i o n  o n  k . The  t h e o r e m  i s  t r u e  f o r  

k = 1 . L e t  2  2 r 5 k and s u p p o s e  p e r  Br-l = ( r -  1 )  + I .  

A s  i n  t h e  p r o o f  o f  Theorem 3 .1 ,  i f  P = vovlaeb 
r 

vL t h e  
Y - 

t h e  1 - f a c t o r s  o f  B a r e  p a r t i t i o n e d  i n t o  t w o  c l a s s e s ,  t h o s e  
r 

c o n t a i n i n g  t h e  edges i n  X and t h o s e  c o n t a i n i n g  t h e  edges 

i n  Y . The number i n  t h e  f o r m e r  c l a s s  e q u a l s  

p e r  ( B r - l - { ~ 3 v l )  The number i n  t h e  l a t t e r  c l a s s  e q u a l s  

per Br-l . Hence,  p e r  5 r = p e r  Br-l + P e r  @,_I - { u , v ) )  . 
A g a i n ,  p e r  - v )  2 1  b y  Lemma 11 .4 .11 .  However ,  

i t  i s  e v i d e n t  t h a t  5 - { u , v l  i s  a  f o r e s t ,  and b y  t h e  
r-1 

Lemma 3 .3  p e r  (Br- l - {u,v l )  S 1  . T h e r e f o r e ,  

p e r  Br = p e r  B 
r-1 

+ 1 = r + 1  . T h i s  c o m p l e t e s  t h e  i n d u c t i o n .  

Hence,  p e r  G = k + 1  = N - 2n + 2  . 

4,  P a r t i a l  R e s u l t s  on Upper  Bounds f o r  t h e  P e r m a n e n t  

o f  an N D  ( 0 , l )  M a t r i x  

T h i s  a u t h o r  has c o n j e c t u r e d  t h a t  ( f o l l o w i n g  o u r  u s u a l  

n o t a t i o n )  i f  G i s  t h e  b i g r a p h  o f  an n x n  ND ( 0 , l )  m a t r i x ,  

w i t h  p a t h  d e c o m p o s i t i o n  (i = P o  U P1 U U P k  , a n d  

I E ( G ) I  = N ,  a n d i f  u  and  v  a r e t h e e n d p o i n t s o f  P 
j j j 

( j  = 2 , e - * , k ) ,  t h e n  p e r  B  
j -1 

> p e r  ( B  
j-1 - u j V j  I t  

f o l l o w s  t h a t ,  i f  t h i s  i n e q u a l i t y  i s  t r u e ,  t h e n  

p e r  B I 2  p e r  B 
j-1 

- 1 . S i n c e  p e r  E l  a l w a y s  e q u a l s  2 
j 



f o r  G c o r r e s p o n d i n g  t o  ND ( 0 , l )  m a t r i c e s ,  o u r  c o n j e c t u r e  

i m p l i e s  t h a t  

p e r  G 

We c a n  e a s i l y  v e r i f y  ( 1 )  i n  t h e  c a s e  w h e r e  n  = 1 ,2 ,3  , 

o r  f o r  k = 1 ,2 ,3  , o r  w h e n e v e r  N  = 2n  . We now d e f i n e  a  

s p e c i a l  s u b c l a s s  o f  t h e  b i g r a p h s  c o r r e s p o n d i n g  t o  ND ( 0 , l )  

m a t r i  c e s  : 

D e f i n i t i o n  4 . 1 :  L e t  G b e  t h e  b i g r a p h  o f  a n  n x n  ND 

( 0 , l )  m a t r i x  A . G i s  s a i d  t o  b e  o f  c l a s s  Z i f  f o r  e v e r y  

d i v a l e n t  v e r t e x  v  , t h e  c o n t r a c t i o n  G '  o f  G b y  v  does  

n o t  c o r r e s p o n d  t o  an  ND m a t r i x  A '  . 

T h i s  d e f i n i t i o n ,  t o g e t h e r  w i t h  Theo rems  1 1 . 4 . 9  a n d  

1 1 . 4 . 1 0 ,  i m p l i e s  t h a t  a  b i g r a p h  G o f  c l a s s  Z has  t h e  

p r o p e r t y  t h a t  e v e r y  d i v a l e n t  v e r t e x  v  i s  a d j a c e n t  t o  a  

d i v a l e n t  v e r t e x  w  a n d  t h a t  G - ( v , w l  c o r r e s p o n d s  t o  a n  ND 

m a t r i x .  B i g r a p h s  o f  c l a s s  Z a p p e a r  t o  b e  r a t h e r  d i f f i c u l t  

t o  c o n s t r u c t ,  a n d  we f e e l  t h e s e  g r a p h s  h a v e  many s p e c i a l  

p r o p e r t i e s .  I t  i s  h o p e d  t h a t  a n  i n t e n s i v e  s t u d y  o f  c l a s s  Z 

w i l l  s e t t l e  o u r  c o n j e c t u r e ,  e i t h e r  b y  p r o v i d i n g  a  c o u n t e r  

e x a m p l e ,  o r  b y  s u c c e e d i n g  i n  p r o v i n q  t h e  c o n j e c t u r e  t r u e  f o r  

b i g r a p h s  o f  c l a s s  Z . T h e o r e m  4 .1  t e l l s  u s  t h a t  i f  ( 1 )  i s  

t r u e  f o r  b i g r a p h s  o f  c l a s s  Z , t h e n  i t  i s  t r u e  f o r  any  

b i g r a p h  G c o r r e s p o n d i n g  t o  a n  n x n  ND ( 0 , l )  m a t r i x .  
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The f o l l o w i n g  e x a m p l e  shows t h a t  c l a s s  Z i s  n o t  

e m p t y :  

Theo rem 4 . 1 :  L e t  G b e  t h e  b i g r a p h  o f  a n  n x n  ND ( 0 , 1 )  

m a t r i x  A . S u p p o s e  t h a t  any  b i g r a p h  o f  c l a s s  Z s a t i s f i e s  

i n e q u a l i t y  ( I ) ,  a b o v e .  Then G s a t i s f i e s  ( 1 ) .  

P r o o f :  I f  n  = 1 o r  2 , t h e n  ( 1 )  i s  t r i v i a l l y  

s a t i s f i e d .  We may s u p p o s e ,  t h e r e f o r e ,  t h a t  n  2 3 . We u s e  

i n d u c t i o n  o n  n  . I f  n  = 3 , t h e  t h e o r e m  i s  c l e a r l y  t r u e .  

S u p p o s e  t h e  t h e o r e m  t o  b e  t r u e  f o r  a n y  b i g r a p h  c o r r e s p o n d i n g  

t o  an  ( n - l ) x ( n - 1 )  N D  ( 0 , l )  m a t r i x .  I f  G i s  o f  c l a s s  Z , 

o u r  p r o o f  i s  c o m p l e t e .  I f  G i s  n o t  o f  c l a s s  Z , t h e n  b y  

Theo rems  1 1 . 4 . 9  a n d  1 1 . 4 . 1 0 ,  t h e r e  i s  a  d i v a l e n t  v e r t e x  v  

s u c h  t h a t  t h e  c o n t r a c t i o n  G '  o f  G w i t h  r e s p e c t  t o  v 

c o r r e s p o n d s  t o  an ( n - l ) x ( n - 1 )  N D  ( 0 , 1 )  m a t r i x  A '  , w i t h  



p e r  A = p e r  A '  . Not ice  t h a t  G '  has two l e s s  edges than  

G . Now G '  s a t i s f i e s  t h e  i n d u c t i o n  h y p o t h e s i s ,  s o :  

pe r  A = p e r  A '  I 2 ((N-2)-2(n-1) + = 2 ( N - 2 n )  + 

5 .  The Problem of C h a r a c t e r i z i n g  N B  Ma t r i ces  

The problem of  f i n d i n g  a  u s e f u l  c h a r a c t e r i z a t i o n  of  N D  

m a t r i c e s  ( e q u i v a l e n t l y ,  of  t h e i r  b i g r a p h s )  i n  terms of some 

e a s i  l y  observed  o r  e a s i l y  c a l  cul a t e d  p r o p e r t i e s  , aPpears  t o  

be ve ry  d i f f i c u l t .  As f a r  a s  t h i s  autho-r  i s  aware ,  no such 

r e s u l t  e x i s t s  a t  u r e s e n t .  The f o l l o w i n g  example shows a  

b ig raph  G which s a t i s f i e s  Theorem 1 1 . 4 . 1 5  b u t  has a  remov- 

a b l e  edge .  This  demons t ra t e s  t h a t  Theorem 1 1 . 4 . 1 5  f a i l s  t o  

c h a r a c t e r i z e  t h e  b ig raphs  of N D  m a t r i c e s .  
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I f  we l e t  

t h e n  we c a n  w r i t e  G = P o  U PI U P 2  U P 3  , w h i c h  s a t i s f i e s  

t h e  n e c e s s a r y  c o n d i t i o n s  s t a t e d  i n  Theorem 1 1 . 4 . 1 5 ;  b u t  t h e  

edges 1 4 ' a n d  3 2 '  a r e  c l e a r l y  r e m o v a b l e .  

D u r i n g  t h e  s t u d y  o f  t h i s  p r o b l e m ,  t h e  f o l l o w i n g  q u e s t i o n  

a r o s e .  A l t h o u g h  2 - c o n n e c t i v i t y  does  n o t  c h a r a c t e r i z e  t h e  

b i g r a p h s  o f  F I  m a t r i c e s ,  a r e  t h e  b i g r a p h s  o f  ND m a t r i c e s  

c h a r a c t e r i z e d  b y  b e i n g  m i n i m a l l y  2 - c o n n e c t e d ?  By " m i n i m a l l y  

2 - c o n n e c t e d " ,  o f  c o u r s e ,  we mean t h a t  t h e  r e m o v a l  o f  any  edge 

w o u l d  d e s t r o y  t h e  p r o p e r t y  o f  b e i n g  2 - c o n n e c t e d .  The e x a m p l e  

o f  G on page  82 p r o v i d e s  a  n e g a t i v e  answer  t o  t h e  q u e s t i o n ,  

and  i n  t h i s  a u t h o r ' s  o p i n i o n ,  r e f l e c t s  t h e  d i f f i c u l t y  o f  t h e  

p r o b l e m  o f  c h a r a c t e r i z i n g  b i g r a p h s  o f  ND m a t r i c e s .  G c o r r e -  

sponds  t o  an F I  m a t r i x  b e c a u s e  we c a n  w r i t e  

G = P U P 1 U P 2 U  P 3 U P 4  i f  we d e f i n e  
0 



To s e e  t h a t  G c o r r e s p o n d s  t o  an N D  m a t r i x ,  f i r s t  

o b s e r v e  t h a t  e v e r y  edge  e x c e p t  7 7 '  i s  i n c i d e n t  t o  a d i v a l e n t  

v e r t e x .  Next we show t h a t  6 - 7 7 '  does  n o t  c o r r e s p o n d  t o  an 

F I  m a t r i x .  I f  l! = { 5 , 6 , 7 , 9 , 1 0 )  and V = { l 1 , 2 ' , 3 ' , 7 ' , 8 ' 1  , 

t h e n  U U V i s  an i n d e p e n d e n t  s e t  o f  v e r t i c e s  o f  t h e  ( 1 0 , l O )  

b i g r a p h  6 - 7 7 ' ,  w i t h  I U I  + I v /  = 10 . We c o n c l u d e  t h a t  S 

i s  N D ,  b u t  o b s e r v e  t h a t  6 - 7 7 !  i s  2 - c o n n e c t e d .  

N o t i c e  t h a t  i f  G i s  t h e  b i g r a p h  o f  an n x n  F I  ( 0 , l )  

m a t r i x  A , and i f  G has a  removable  e d g e ,  t h e n  t h e r e  

e x i s t s  a good p a t h  d e c o m p o s i t i o n  G = P o  U P 1  U U P k  , 



i n  which some P ( i  = 2 , e e e , k )  has  l e n g t h  one .  In  view s f  
i 

t h i s  o b s e r v a t i o n ,  p e r h a p s  t h e  i n v e s t i g a t i o n  o f  t h e  v a r i o u s  

good pa th  decomposi t i o n s  p e r t a i n i n g  t o  a  p a r t i c u l a r  G 

c o r r e s p o n d i n g  t o  an F I  m a t r i x  would y i e l d  knowledge l e a d i n g  

t o  a c h a r a c t e r i z a t i o n  o f  t h e  b i g r a p h s  o f  NB m a t r i c e s .  



I V .  SUMMARY 

I n  t h i s  c h a p t e r  we b r i e f l y  d i s c u s s  t h o s e  p r o b l e m s  w h i c h  

h a v e  b e e n  s e t t l e d  o n l y  p a r t i a l l y  i n  t h e  p r e c e d i n g  p a g e s ,  a n d  

we c o n s i d e r  some f u t u r e  r e s e a r c h  p r o j e c t s  w h i c h  h a v e  a r i s e n  

o u t  o f  t h i s  d i s s e r t a t i o n .  

1 .  Some U n s e t t l e d  I s s u e s  

As f a r  as we a r e  a w a r e  n o  g o o d  u p p e r - b o u n d  e s t i m a t e ,  

i n  t e r m s  o f  n  a n d  N a l o n e ,  i s  known f o r  t h e  p e r m a n e n t  o f  

a n  n x n  ND ( 0 , l )  m a t r i x  h a v i n g  N p o s i t i v e  e n t r i e s .  The  

c o n j e c t u r e  o f  C h a p t e r  111, S e c t i o n  4,  w o u l d  p r o v i d e  s u c h  a n  

e s t i m a t e  if i t  w e r e  p r o v e n  t r u e  f o r  N D  m a t r i c e s  h a v i n g  b i g r a p h s  

o f  c l a s s  Z . On t h e  b a s i s  o f  some r e c e n t  p r e l i m i n a r y  i n v e s -  

t i g a t i o n s ,  i t  a p p e a r s  t h a t  p r o b l e m s  i n v o l v i n g  p e r m a n e n t  e s t i  - 
m a t e s  f o r  b i g r a p h s  o f  c l a s s  Z do  n o t  a d a p t  v e r y  we11 t o  

i n d u c t i o n - t y p e  a r g u m e n t s .  On t h e  o t h e r  h a n d ,  t h e s e  s t u d i e s  

i n d i c a t e  t h a t  t h e r e  i s  h o p e  t h a t  b i g r a p h s  o f  c l a s s  Z h a v e  a  

p a r t i c u l a r l y  s i m p l e  s t r u c t u r e .  I n  t h i s  r e g a r d ,  we f e e l  t h a t  

t h e  m o s t  p r o m i s i n g  a p p r o a c h  t o  t h e  p r o b l e m  m i g h t  b e  a  u n i q u e -  

n e s s  t y p e  o f  a r g u m e n t ,  i . e . ,  a n  a t t e m p t  t o  c o n s t r u c t  a  s m a l l  

c o l l e c t i o n  o f  b i g r a p h s  o f  c l a s s  Z w h i c h ,  we w o u l d  t h e n  h o p e  

t o  show,  a r e  t h e  o n l y  members o f  c l a s s  Z . I n  any  e v e n t ,  

t h i s  a u t h o r  i n t e n d s  t o  s u b j e c t  t h e  b i g r a p h s  o f  c l a s s  Z t o  

a n  i n t e n s i v e  s t u d y ,  



A n o t h e r  u n s e t t l e d  p r o b l e m ,  w h i c h  a p p e a r s  t o  be  a v e r y  

d i f f i c u l t  one ,  i s  t h e  m a t t e r  o f  f i n d i n g  a s i m p l e  c h a r a c t e r i -  

z a t i o n  f o r  N D  m a t r i c e s  and t h e i r  b i g r a p h s .  P a r a l l e l i n g  a 

r e m a r k  i n  C h a p t e r  P I P ,  S e c t i o n  5 ,  o n e  may o b s e r v e  t h a t  * i f  G 

i s  t h e  b i g r a p h  o f  a n  n x n  ( Q , l  j m a t r i x  A  , t h e n  G h a s  a  

r e m o v a b l e  e d g e  i f  a n d  o n l y  if t h e r e  i s  some g o o d  p a t h  decom-  

p o s i t i o n  G = P o w  P,V e n -  U P k  s w i t h  some P i  h a v i n g  

l e n g t h  1 , w h e r e  2 5 i 5 k  . T h i s  is, i n  f a c t ,  a  c h a r a c -  

t e r i z a t i o n  o f  t h e  b i g r a p h  o f  a n  ND m a t r i x ,  b u t  n o t  a  v e r y  g o o d  

o n e  b e c a u s e  l i t t l e  i s  known a b o u t  t h e  c l a s s  D o f  g o o d  p a t h  

d e c o m p o s i t i o n s  f o r  G . P e r h a p s  a n  i n v e s t i g a t i o n  o f  c l a s s  O 

w o u l d  b e  a  f r u i t f u l  new m e t h o d  f o r  a t t a c k i n g  t h e  c h a r a c ' t e r i -  

n a t i o n  p r o b l e m .  A l l  t h a t  seems t o  be  known a t  p r e s e n t  a b o u t  

t h i s  c l a s s  i s  t h e  r e s u l t  o f  Theo rem 1 1 1 . 2 . 1 ,  w h i c h  c o n c e r n s  

t h e  d e g r e e  o f  G . H o w e v e r ,  some i n t e r e s t i n g  q u e s t i o n s  a r i s e  

i m m e d i a t e l y :  Do t h e r e  e x i s t  any n a t u r a l  r e l a t i o n s  o n  t h e  

c l a s s  D  ? Can we f i n d  some s o r t  o f  t r a n s f o r m a t i o n  o n  E(G) 

o r  V(G) w h i c h  w o u l d  map one g o o d  p a t h  d e c o m p o s i t i o n  i n t o  

a n o t h e r ?  We h o p e  t o  f i n d  some g r a t i f y i n g  a n s w e r s  t o  t h e s e  

a n d  o t h e r  q u e s t i o n s  i n  t h e  f u t u r e .  

2 .  A C o n n e c t i o n  B e t w e e n  t h e  ND C o n c e p t  a n d  a  P r o b l e m  

o f  E r d o s ,  H a j n a l ,  and  Moon 

The n o t a t i o n  o f  a  b i g r a p h  c o r r e s p o n d i n g  t o  an  n x n  ND 

( 0 , 1  ) m a t r i x  i s  c l o s e l y  r e l a t e d  t o  a  g r a p h - t h e o r e t i c a l  p r ~ b l e m  

Q P  E r d o s ,  H a j n a l ,  a n d  Moon [ 5 ] .  We s t a t e  h e r e  t h e  w e a k e r  f o r m  



of  t h e i r  t h e o r y .  The a u t h o r s  c o n s i d e r  a  g r a p h  G h a v i n g  n  

v e r t i c e s .  G i s  s a i d  t o  h a v e  p r o p e r t y  ( n , p ) ,  w h e r e  

2 p  5 n  , i f  G does n o t  c o n t a i n  t h e  c o m p l e t e  g r a p h  K 
P 

b u t  t h e  g r a p h  G '  f o r m e d  b y  a d d i n g  any  new edge t o  G , 

d o e s .  One o f  t h e  consequences  o f  t h e i r  r e s u l t s  i s  t h a t  a  

g r a p h  h a v i n g  p r o p e r t y  ( n , p )  m u s t  have  a t  l e a s t  n ( p - 2 ) -  

e d g e s .  They o f f e r  an e x t e n s i o n  o f  t h e i r  t h e o r y  t o  b i g r a p h s  

as f o l l o w s :  

I f  G i s  an (n,m) b i g r a p h ,  and i f  1 5  k  i n  and 

1 5  h  I m  , t h e n  6 i s  s a i d  t o  h a v e  p r o p e r t y  (n,rn,k,h) i f  

G does  n o t  c o n t a i n  t h e  c o m p l e t e  b i g r a p h  K 
k , h  ' b u t  t h e  

b i g r a p h  G '  f o r m e d  b y  a d d i n g  a n y  new edge ( w i t h  d i f f e r e n t  

c o l o r e d  e n d  p o i n t s )  t o  G , d o e s .  E r d o s ,  e t  a l ,  c o n j e c t u r e d  

t h a t  a  b i g r a p h  h a v i n g  p r o p e r t y  (n,m,k,h) m u s t  c o n t a i n  a t  

l e a s t  ( k - 1  ) m + ( h - l ) n + ( k - 1 )  ( h - 1 )  e d g e s .  ~ o l l o b i s  [3 ]  v e r i f i e d  

t h a t  t h e i r  c o n j e c t u r e  was c o r r e c t .  

We now e x t e n d  t h e  o r i q i n a l  n o t i o n  o f  E r d o s ,  e t  a l ,  t o  

b i g r a p h s  i n  a  s l i g h t l y  d i f f e r e n t  manner .  

D e f i n i t i o n  2.1 : L e t  6 be an (n,m) b i g r a p h ,  a n d  

s u p n o s e  p i s  an i n t e g e r  s u c h  t h a t  2  I p 5 m + n  . Then 

G i s  s a i d  t o  b e  o f  t y p e  ( n , m , ~ )  i f  f o r  any  i n t e g e r s  k  and  

h ,  w i t h  1 S k i n  1 5 h S m ,  and k + h = ~ ,  
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